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Abstract
The present work deals with a new discrete model of an anisotropic rotor. The rotor is supported
by rigid or anisotropic flexible bearings. Because of different orientations of the cross-section
along the shaft, the rotor is modelled by discrete elements. An anisotropic rotor system can be
analyzed both in a fixed and in a rotating reference frames. In fixed reference frame, the shaft
stiffness varies with time. In rotating reference frame, the differential equations of the system
become speed-dependent. If an anisotropic rotor is supported by anisotropic flexible bearings,
the system stiffness is always a time-variant parameter whether the rotor is modelled in a fixed
or in a rotating reference frame. In the developed model, the shaft stiffness matrix is assembled
in the rotating reference frame by considering asymmetric bending by means of the strain energy
method. The gyroscopic moments and the internal and external damping are taken into account.
The differential equations of motion of the rotor are developed for a rotor at constant angular
speed, at constant angular acceleration and accelerated by a constant driving torque.
A stability investigation is conducted of an anisotropic rotor through analysis of eigenvalues for
a speed-dependent rotor system and by using FLOQUET theory for a time-variant rotor system.
The dynamic responses of the rotor are solved by using the RUNGE-KUTTA method of fourth
order. Several anisotropic rotors with single or two disks with different shaft orientations are
presented. Additionally, an approach of a twisted anisotropic rotor is developed and analyzed
with the minimum and a high number of discrete shaft elements. The eigenvalue analyses and
stability charts of these models are presented. The influences of the shaft element anisotropy and
the difference in the shaft orientation are analyzed. The difference in the shaft orientation affects
the occurrence of the second region of instability and the width of instability. The occurrence of
gyroscopic moments in the rotor system is influenced not only by the asymmetry of the rotor but
also by the difference in the shaft orientation.
Experimental investigation of an anisotropic rotor with two disks and different shaft orientations
is conducted at constant angular speed and constant angular acceleration. These experimental
results are benchmarked with the numerical simulations of the developed discretized model.
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Kurzfassung
Die vorliegende Arbeit behandelt ein neues diskretes Modell eines anisotropen Rotors. Der
Rotor ist starr- oder anisotrop-elastisch gelagert. Aufgrund verschiedener Orientierungen der
Wellenquerschnitte wird der Rotor mit Hilfe von diskreten Elementen modelliert. Ein Rotorsys-
tem kann im festen oder im mitrotierenden Koordinatensystem beschrieben werden. Im fes-
ten Koordinatensystem ist die resultierende Steifigkeitsmatrix der Welle zeitlich periodisch. Im
mitrotierenden Koordinatensystem ist sie von der Drehzahl abha¨ngig. Wenn ein anisotroper Rotor
in anisotrop-elastischen Lagern gelagert wird, ist die Systemsteifigkeitmatrix periodisch zeitva-
riant, unabha¨ngig davon ob der Rotor im festen- oder im mitrotierenden Koordinatensystem be-
trachtet wird. Im hier entwickelten Modell wird die Steifigkeitsmatrix der Rotorwelle mit Hilfe
des Ansatzes der schiefen Biegung durch die Forma¨nderungsenergiemethode aufgestellt. Die gy-
roscopischen Momente und die innere- und außere Da¨mpfung werden ebenfalls beru¨cksichtigt.
Die Bewegungsgleichungen des Rotors werden fu¨r den Betrieb bei konstanter Drehzahl, bei kon-
stanter Drehbeschleunigung und bei konstantem Antriebmoment entwickelt.
Stabilita¨tsuntersuchungen werden fu¨r ein drehzahlabha¨ngiges Rotorsystem mit Hilfe der Eigen-
wertanalyse und fu¨r ein zeitvariantes Rotorsystem mit Hilfe der FLOQUET-Theorie durchge-
fu¨hrt. Die Differentialsgleichungen des Rotors werden numerisch mit Hilfe der RUNGE-KUTTA
Methode vierter Ordnung gelo¨st. Rotorbeispiele mit einer oder zwei Scheiben und verschiedene
Wellenorientierungen werden vorgestellt. Zusa¨tzlich wird ein Ansatz eines verdrehten anisotropen
Rotors entwickelt und mit der minimalen als auch einer hohen Anzahl an Wellenelementen
diskretisiert. Die Eigenwertanalyse und die Stabilita¨tskarte der Modelle werden pra¨sentiert. Die
Einflu¨sse der Wellenanisotropie und verschiedener Wellenorientierungen werden aufgezeigt. Un-
terschiede in der Wellenorientierung beeinflussen das Auftreten eines zusa¨tzlichen Instabilita¨tsge-
bietes und die Gro¨ße des Instabilita¨tsgebietes. Das Auftreten von gyroscopischen Momente wird
nicht nur durch den asymmetrischen Rotor beeinflußt sondern auch durch die Unterschiede in der
Wellenorientierung.
Experimentelle Untersuchungen eines anisotropen Rotors mit zwei Scheiben und verschiedener
Wellenorientierungen werden bei konstanter Drehzahl als auch bei konstanter Drehbeschleuni-
gung durchgefu¨hrt. Um die entwickelten Diskritsmodelle zu u¨berpru¨fen, werden diese experi-
mentellen Untersuchungen mit direkter numerischer Simulation verglichen.
viii Kurzfassung
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Introduction
1.1 Motivation
An anisotropic rotor can be found in turbogenerators, helicopter rotors, two-bladed propellers and
two-pole generators. For such a motor increased vibrations may occur at half of its first bending
critical speed. If a rotor has no longer a circular cross-section, its cross-sections are characterized
by two different cross-sectional moments of inertia. Therefore, during one revolution of a hori-
zontal rotor shaft the same position of cross-section occurs twice as illustrated in Figure 1.1. This
phenomenon is termed the weight critical [11].
0 1/4 1/2 3/4 1 revolution
Figure 1.1: Ilustration of rotating anisotropic rotor
For a real rotor system with a constant cross-section along the shaft, the system can be approached
by a JEFFCOTT rotor model. For a more complicated rotor system, it can be modelled as a discrete
or continuous rotor. For the JEFFCOTT rotor model, the simplest rotor model possessing two
degrees of freedom (i.e. in horizontal and vertical axes), a system can be solved straightforwardly
both, by analytical analysis and numerical simulation, especially when it is analyzed at constant
rotational speed. By a non-stationary case of an anisotropic JEFFCOTT rotor or an anisotropic
rotor supported by flexible anisotropic bearings, the differential equations of the system become
time-variant, hence the solving is more difficult and can be done numerically only.
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A
A
A− A
B
B
B −B
C
C
C − C
η∗A
ζ∗A
η∗B
ζ∗B
η∗C
ζ∗C
Figure 1.2: Anisotropic rotor with three shaft sections and different shaft orientation in each
section
If a real rotor with different cross-sections along the shaft is modelled by discrete elements, it is
possible that the elements will have different orientations of principal axes as shown in Figure
1.2. In case of a twisted anisotropic shaft with two disks, the directions of principal axes of cross-
sections change along the shaft although the shaft has constant cross-sections. The example rotor
in Figure 1.2 is modelled by using the minimal number of three elements i.e. one element for each
shaft section. Because of the difference in the orientation in each element, the rotor will have the
characterictic of asymmetric bending. Therefore, a JEFFCOTT rotor is no longer a satisfactory
model and a new approach of a discrete or continuous rotor should be developed. If the model
is discretized by using one-dimensional elements, the approach can be developed by using the
finite element or the transfer matrix method. However, the difference in the element orientation
must be taken into account. Therefore, a modification in the existing methods is needed. If
the model is discretized by using three-dimensional solid elements, the system will have more
degrees of freedom compared to the approach with one-dimensional elements. Therefore, the
computational cost is very high, because the differential equations of rotor motion are speed or
time-dependent depending in the system’s frame of reference. In order to obtain a model with the
minimal degrees of freedom, an alternative method is developed here by using the strain energy
method for asymmetric bending of a beam.
1.2 Related topics
Particularly in the last fifty years, the weight critical of rotors has been widely investigated by
many researchers and numerous papers have been published. In general, these investigations can
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be categoried into two types of rotors. Firstly, the rotor is approached by using the JEFFCOTT
rotor model consisting of modal properties or simple physical model of a disk and massless shaft
for the analysis. Second, the rotor is approached by using a model of discrete or continuous
rotor. Each type can be analyzed based on the assumption that the rotational speed is constant
(i.e. stationary operation) or accelerated (i.e. non-stationary operation).
1.2.1 JEFFCOTT rotor and modified JEFFCOTT rotor
The fundamental theoretical investigations of an anisotropic rotor and its corresponding differen-
tial equations of motion have been studied by KELLENBERGER [23] and ARIARATNAM [2]. In
order to describe its basic characteristic, MICHATZ [38] investigated a simple JEFFCOTT rotor
model, in which the effects of external and internal damping on the rotor have been taken into
account. In this model, the instability of the rotor can be described accurately. Other studies show
that two types of unstable vibrations can occur on anisotropic rotors. They are termed statically
and dynamically unstable vibrations, as reported in [42]. YAMAMOTO et al [55] investigated an
asymmetrical rotor with inequality in stiffness (i.e. different cross-sections along the shaft) in-
cluding the effects of gyroscopic moments. HULL [15] conducted experiments and showed the
forward and backward whirl motion of anisotropic rotors which are supported by flexible aniso-
tropic bearings. A more complicated model with an asymmetric stiffness and an asymmetric disk
can be found in [36]. IWATSUBO et al [18] concerned with the vibrations of an asymmetric simple
rotor supported by asymmetric bearings. The effects of asymmetry of the rotor and the bearing
stiffness have been analyzed. However, some parameters in the model like the eccentricity of
the rotor, the acceleration of gravity, the effects of rotary inertia, gyroscopic moments and shear
deformation were neglected. The change of angular position of the static and dynamic unbalance
influences the increase rate of the total energy and the torque applied to the shaft end. These
investigations are reported in [43].
In the design of rotor dynamics, it is essential to investigate the stability of the system. In an
investigation, it is important to distinguish the cases whether an anisotropic rotor is supported by
rigid or by flexible bearings, because the analyses are different. For the case of an anisotropic
rotor in rigid bearings analyzed in a fixed reference frame, the system becomes time-dependent
and if analyzed in a rotating reference frame, the system becomes speed-dependent. For the case
of an anisotropic rotor in flexible bearings especially in anisotropic flexible bearings, the system
becomes time-dependent although they are analyzed either in a fixed or a rotating reference frame
(see Table 1.1). In order to investigate the stability of time-variant system, some methods have
been developed. Two of these methods are FLOQUET’s theory and HILL’s method. Both methods
have been applied in numerical simulations [3], [47], [48], [52], [54].
In order to minimize the effects of anisotropic stiffness on rotors, several solutions have been pu-
blished. WETTERGREN and OLSSON [51] dealt with an anisotropic JEFFCOTT rotor supported by
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anisotropic bearings and supposed that the combination of the damping and asymmetric stiffness
of the shaft and the damping and anisotropic stiffness of the bearings can minimize the effect of
instability of the rotor. ACKERMAN et al [1] proposed a method to identify an anisotropic stiff-
ness of a rotor by investigating the vibrations at twice of the rotational speed of the shaft. For the
theoretical and identified models an approach of a non-circular JEFFCOTT rotor was used in order
to simplify the differential equations of motion.
Table 1.1: Analysis of anisotropic rotor-bearings system [47]
Type of bearings Fixed reference frame Rotating reference frame
rigid time-dependent speed-dependent
flexible time-dependent time-dependent
Various other studies deal with the change of rotor speed e.g. accelerating the rotor through its
bending critical speed. It is well known that the amplitude of the unbalance response of a rotor
which runs through a critical speed can be reduced by increasing the value of the acceleration.
IWATSUBO et al [17] studied the non-stationary vibration of an asymmetric rotor passing through
its critical speed. In their models, two approaches have been used. In the first approach the system
is driven at constant acceleration, for which an energy source provides an ideal driving force to
the vibrating system. The second one is an energy source interacting with the vibrating system,
where the system is driven by a non-ideal energy source. MARKERT et al [28] investigated a
minimal torque that is needed to accelerate an elastic rotor to pass the first bending critical speed.
Meanwhile, MARKERT found that as reported in [30] and [31], the maximum rotor deflection is
smaller than during stationary resonance speed. The maximum rotor deflection does not appear
when the rotor speed corresponds to the critical speed. The peak is shifted to a higher frequency
during run-up and shifted to a lower frequency during run-down. After running through resonance
the vibrational components at natural frequency dominate but will decay with time. Ganesan
[7] analyzed the effect of bearings and shaft asymmetry on the stability of the rotor. Particular
attention has been paid to the motion characterictics of the rotor while passing through the primary
resonance. The presence of proper combination between bearings and shaft asymmetries on the
rotor helps the stability of the unbalance response during start-up or run-down operation.
1.2.2 Discrete or continuous rotor
In order to describe the complete nature of the problem, additional characteristics must be also
considered. In this problem, the JEFFCOTT rotor is no longer a satisfactory model. Therefore,
several solutions are proposed by using an approach of a discrete or continuous rotor. GASCH
et al [8] and MARKERT [29] investigated a flexible rotor with a continuous mass distribution
passing through its critical speeds under a driving torque. Similar to the authors above, GENTA
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and DELPRETE [13] approached a rotor system with multiple degrees of freedom by using the
finite element method. Other researcher have formulated the differential equations of motion by
using EULER’s beam theory [27], a modified transfer matrix method [22] or a solid model of finite
element method [46]. However, the last three references analyzed the rotor models at constant
rotational speed only.
Furthermore, the stability of rotors modelled by discrete elements have been also investigated.
ONCESCU et al [41] formulated a set of ordinary differential equations with periodic coefficients
by using finite element method in conjuction with a time-transfer matrix method based on FLO-
QUET’s theory. In their model, the shaft cross-section is asymmetric, having different principal
moments of inertia and varied step-by-step along the longitudinal axis. However, the principal
directions of inertia of the cross-section is uniform along the shaft. By taking into account of
the shear deformation in the rotor model (i.e. TIMOSHENKO beam), CHEN and PENG [5] have
analyzed the stability of the rotor based using the finite element method. The authors [20] and
[21] investigated the influences of the damping in the bearings on the instability of a rotating
asymmetric shaft supported by isotropic bearings. They used the approach of continuous shaft in
their model and solved the problem analytically. In general, the bearing stiffness cannot eliminate
an unstable region, but it can only shift it. If the shaft asymmetry is increased the unstable regions
for synchronous whirl become wider.
1.3 Organization of the thesis
The present investigations deal with a new discretization model of an anisotropic rotor. The rotor
has different orientation along the shaft and is supported by rigid bearings or anisotropic flexible
bearings. The models are investigated at both, stationary at constant rotational speed and non-
stationary at acceleration through its critical speeds. Because of the difference in the orientation
in each element of the shaft, the rotor must be modelled by using an approach of an asymmetric
bending of shaft.
The thesis is structured as follows:
Chapter 2 deals with the theoretical model of anisotropic shaft with single disk and different
shaft orientations. Here, some mathematical formulations are derived by using the strain energy
method for asymmetric bending of a beam in order to obtain the equations of an asymmetric
bending rotor stiffness. Two types of rotor models are considerd corresponding to different sup-
ports, rigid and anisotropic flexible bearings. Each model uses only one element to discretize
each shaft section. Furthermore, the differential equations of rotor motion are solved numerically
and eigenvalue analyses and stability charts are presented.
Chapter 3 concerns an extended formulation of Chapter 2, in which the mathematical model of an
anisotropic rotor is extended to a general mathematical anisotropic rotor model having multiple
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degrees of freedom with different shaft orientations. The model can use one or more elements
with different orientations to discretize each shaft section. Example rotors with two disks that
are supported by rigid or anisotropic flexible bearings are simulated numerically. Additionally,
an approach of a twisted anisotropic shaft with two disks is developed and analyzed with the
minimal number of discrete shaft elements and a high number of discrete shaft elements. The
eigenvalues analyses and stability charts of these models are ilustrated.
Furthermore, because of some difficulties in manufacturing and experimental setup, only one
model of the rotor case is verified experimentally and the results are documented in Chapter 4.
Here, the apparatus setup, the procedure of measurement and the signal processing is described.
The stability investigation of the rotor is conducted at constant angular speed and constant angular
acceleration experimentally. The experimental result is compared to the numerical result and
presented in a spectral map and a spectrogram.
Finally, a summary of the results and an outlook to future work are given in the Chapter 5.
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Anisotropic shaft with single disk and
different shaft orientation
Generally, an anisotropic rotor system can be modelled both in a fixed and in a rotating reference
frames. In a fixed reference frame, the dynamic parameter especially the shaft stiffness is time-
variant. If the rotor is modelled in a rotating reference frame, where the coordinate system follows
the rotation of the shaft, then the differential equations of the system become speed-dependent.
Hence, at constant rotational speed, the dynamic parameters of the rotor can be considered con-
stant. If an anisotropic rotor is supported by anisotropic flexible bearings, the system stiffness
must be a time-variant parameter whether the rotor is modelled in a fixed or in a rotating refe-
rence frame. Thus, the mathematical model is more complicated. In another case, if the rotor
has variable orientation along the shaft (i.e. a twisted anisotropic rotor), the directions of the
principal axes of cross-sections are not uniform along the shaft. In order to simplify the model,
an approach with discrete shaft elements is used for which the shaft will behave like system at
asymmetric bending.
2.1 Modelling of anisotropic rotor system
In this section, an anisotropic rotor is modelled consisting of a rigid disk and a massless shaft
with two different support conditions. Because of different orientations of principal axes along
the shaft, the model is approached by using discrete elements. Each element has different stiff-
ness values in vertical and horizontal directions. The principal axes of each element have different
orientations as shown in Figure 2.1a for a rotor supported by rigid bearings and in Figure 2.2a for
a rotor supported by anisotropic flexible bearings, hence the principal axis of the cross-section
along the shaft generally is unknown or changed. In order to simplify the model, some assump-
tions on each element are used as outlined in the following:
• coordinate of shaft element is considered in rotating reference frame,
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• line axis of element lies in the x-axis,
• line axis of element coincides with the axis of the shear centre,
• cross-section of each element is constant,
• element is assumed to be massless,
• deformation is small and there is no non-linearity in geometry,
• material is linear-elastic and obeys HOOKE’s law,
• forces and displacements are acting only at node,
• torsional vibration is not considered, and
• effects of temperature and shear deformation are neglected.
The first system model is an anisotropic rotor supported by rigid bearings. A rigid disk is attached
at a node (i.e. the joint of two elements) at the distance ℓ1 from the left bearing L1 or ℓ2 from the
right bearing L2 as shown in Figure 2.1a. By using the minimal number of elements, the rotor is
discretized into two elements with the length ℓ1 and ℓ2, respectively. Therefore, the mathematical
model can be simplified and possesses only four degrees of freedom, where the vibration of the
shaft comes from only the motions of the disk. For further investigation, this model will be
discussed in Section 2.5. As a point of interest, although the disk is attached symmetrically on
the shaft (ℓ1= ℓ2) and all elements have the same cross-sectional moment of inertia, but because
of different orientation between the shaft elements, the disk position makes a precession. In this
case, the effect of gyroscopic moments is no longer negligible. The derivation of gyroscopic
moments will be presented in Section 2.2.
Furthermore, in the second modelling, a system is investigated as an anisotropic rotor supported
by anisotropic flexible bearings as shown in Figure 2.2a. In this case, besides the anisotropy in
each bearing, it is possible that the deflections between the left and the right bearing are diffe-
rent. Therefore, the effect of gyroscopic moments can be increased or decreased. For further
investigation, this model will be discussed in Section 2.6.
The model shown in Figure 2.1b or 2.2b is a cross-section of the rotor in deflected condition with
coordinates (yW , zW ) in fixed frame or (ηW , ζW ) in rotating reference frame. In this position, the
rotating frame rotates with the angle ϕ which is a function of time. In the analysis, the rotating
frame is assumed to rotate at constant angular velocity or constant angular acceleration.
If a constant angular acceleration is denoted as ϕ¨ = α, then
ϕ˙ = α t+ Ω and ϕ = 1
2
α t2 + Ω t+ γ . (2.1)
Based on the Figure 2.1 or 2.2, if the rotor is assumed that has the minimal number of discrete
elements (i.e. shaft with two elements only) the symbol of the subscribe k has a value 1 or
2. Furthermore, the coordinate systems of the principal axes of the first and the second shaft
element are placed on the η∗1-ζ∗1 -plane inclined at an angle β1 and the η∗2-ζ∗2 -plane at angle β2.
The center of gravity S of the disk is eccentric to the center of the shaft W and its position being
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defined by the eccentricity ε and the angular position φ. The kinematic relationships between the
center of gravity and the center of shaft are
zS = zW + ε cos(ϕ+ φ) and yS = yW + ε sin(ϕ+ φ) . (2.2)
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(b)
Figure 2.1: Anisotropic rotor with different shaft orientation supported by rigid bearings
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Figure 2.2: Anisotropic rotor with different shaft orientation supported by anisotropic flexible
bearings
Furthermore, the kinematic relationships between coordinates of principal axes and rotating refe-
rence frame of the kth-shaft element can be determined by using the following transformation
equations
ζk = ζ
∗
k cos βk − η∗k sin βk and ηk = ζ∗k sin βk + η∗k cos βk (2.3)
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and between rotating and fixed reference frames can be determined by using transformation equa-
tions as follows
z = ζ cosϕ− η sinϕ and y = ζ sinϕ+ η cosϕ . (2.4)
If a force acts on the rotor in arbitrary direction then this force is projected as Fζ in ζ-direction and
as Fη in η-direction. Furthermore, because of different shaft orientations, the force Fζ is projected
again on the first element to Fζ∗1 and Fη∗1 and on the second element to Fζ∗2 and Fη∗2 . In the same
way, the force Fη is projected on the first element to Fζ∗1 and Fη∗1 and is projected on the second
element to Fζ∗2 and Fη∗2 . Furthermore, if the resultant of forces in ζ
∗
1 -direction or ζ∗2 -direction has a
positive value, then bending moment M1η∗ or M2η∗ will have a positive value. On the contrary, if
resultant of forces in η∗1-direction or η∗2-direction has a positive value, then bending moment M1ζ∗
or M2ζ∗ will have negative value. In a moment diagram, the bending moments can be depicted as
shown in Figure 2.3.
x
β1
β1
β2 − β1
β2 − β1
M1η∗(x)
M2η∗(x)
M1ζ∗(x)
M2ζ∗(x)
Figure 2.3: Bending moments in anisotropic rotor with different shaft orientation
In order to simplify the mathematical model, the moments of inertia of cross-section in principal
axes of shaft elements should be transformed to rotating reference frame by using the following
equations
Ikζ =
∫
η2k dA =
1
2
(Ikη∗ + Ikζ∗)− 1
2
(Ikη∗ − Ikζ∗) cos 2βk − Ikη∗ζ∗ sin 2βk (2.5)
Ikη =
∫
ζ2k dA =
1
2
(Ikη∗ + Ikζ∗) +
1
2
(Ikη∗ − Ikζ∗) cos 2βk + Ikη∗ζ∗ sin 2βk (2.6)
Ikηζ = −
∫
ηkζk dA = −1
2
(Ikη∗ − Ikζ∗) sin 2βk + Ikη∗ζ∗ cos 2βk . (2.7)
However, in order to obtain the simplest differential equations of system, here the mathematical
model of the system is presented only in rotating reference frame.
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2.2 Gyroscopic moments
The differential equations of anisotropic rotor supported by rigid bearings have been formulated
by WALTER [49]. In this research, the effects of the gyroscopic moments are taken into account.
Based on this reference, the following formulations are developed for an anisotropic rotor sup-
ported by anisotropic flexible bearings. As shown in Figure 2.4, the disk on a shaft is described
in the coordinate system (x′, y′, z′), where the plane of disk is parallel to the y′-z′-plane. The
x′-axis is perpendicular to that plane. Furthermore, y′-axis can move only in the x-y-plane and
z′-axis in the x-z-plane, therefore y′-axis and z′-axis can be not-perpendicular, where their posi-
tion can make precessions ϕz and ϕy, respectively. This means the coordinate system (x′, y′, z′)
is no longer orthonormal. Because the rotor system is supported by anisotropic flexible bearings,
the precessions ϕy and ϕz occur not only due to the slope of the shaft at deflection in the left and
in the right bearings, but also by slope of the deflected shaft, hence
ϕy = ϕyW + ϕyL and ϕz = ϕzW + ϕzL , (2.8)
where ϕyW and ϕzW are the slopes of the disk due to the axis of the shaft in undeflected condition
in the x-z and x-y-plane, respectively (i.e. the precessions are occured only by shaft deflection).
The ϕyL and ϕzL are the precessions that come from the slope of the shaft due to the deflection in
the left and the right bearing.
O, y xxW
x′
x′W
z
z′
zL1
zL2
z′W
W
ϕyL ϕyW
ϕy
O, z xxW
x′
x′W
y
y′
yL1
yL2
y′W
W
−ϕzL
−ϕzW
−ϕz
Figure 2.4: Coordinate of disk in anisotropic rotor-bearings system
From the Figure 2.4, the transformation equations of basis vectors are obtained
~ez′ = sinϕy ~ex + cosϕy ~ez
~ey′ = − sinϕz ~ex + cosϕz ~ey (2.9)
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~ex′ =
~ey′ × ~ez′
|~ey′ × ~ez′| =
~ex + tanϕz ~ey − tanϕy ~ez√
1 + tan2 ϕy + tan
2 ϕz
.
The first step is to determine the kinematic relationships of angular velocities in (x′, y′, z′)-
coordinate system. If angular speed of the disk is denoted by ωs in the (x′, y′, z′)-coordinate
system, the y′-z′-plane that rotates along the x′-axis is denoted by ωE and ϕ˙ is the rotational
speed of the shaft, then
ωs = ωE − ϕ˙ ~ex′ . (2.10)
Furthermore, angular speed of basis vector ~ey′ is
ω(~ey′) = ϕ˙x′(~ey′) ~ex′ + ϕ˙y′(~ey′) ~ey′ + ϕ˙z′(~ey′) ~ez′ . (2.11)
The expression in parenthesis is not a function argument but an alternative index. For an example,
the ϕ˙x′(~ey′) ~ex′ means the rotational speed of the vector ~ex′ due to y′-axis. Because the plane of
disk is placed at the y′-z′-plane and the precession ϕz is the angle of the plane of disk with respect
to the z-axis, hence
ω(~ey′) = ϕ˙z ~ez . (2.12)
Therefore, the Equation (2.11) can be rearranged in matrix notation as

1√
1 + tan2 ϕy + tan
2 ϕz
− sinϕz sinϕy
tanϕz√
1 + tan2 ϕy + tan
2 ϕz
cosϕz 0
− tanϕy√
1 + tan2 ϕy + tan
2 ϕz
0 cosϕy




ϕ˙x′(~ey′)
ϕ˙y′(~ey′)
ϕ˙z′(~ey′)


=


0
0
ϕ˙z


(2.13)
and angular speed of basis vector ~ez′ is
ω(~ez′) = ϕ˙x′(~ez′) ~ex′ + ϕ˙y′(~ez′) ~ey′ + ϕ˙z′(~ez′) ~ez′ . (2.14)
Similar to the Equation (2.12), the precession ϕy is the angle of the plane of disk with respect to
the y-axis, hence
ω(~ez′) = ϕ˙y ~ey (2.15)
and in matrix notation the Equation (2.14) can be rearranged as

1√
1 + tan2 ϕy + tan
2 ϕz
− sinϕz sinϕy
tanϕz√
1 + tan2 ϕy + tan
2 ϕz
cosϕz 0
− tanϕy√
1 + tan2 ϕy + tan
2 ϕz
0 cosϕy




ϕ˙x′(~ez′)
ϕ˙y′(~ez′)
ϕ˙z′(~ez′)


=


0
ϕ˙y
0


. (2.16)
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By using the Cramer’s rule, angular speeds ϕ˙x′(~ey′), ϕ˙y′(~ey′), ϕ˙z′(~ey′), ϕ˙x′(~ez′), ϕ˙y′(~ez′) and
ϕ˙z′(~ez′) of the basis vectors can be determined to
ϕ˙x′(~ey′) = − tanϕy√
1 + tan2 ϕy + tan
2 ϕz
ϕ˙z
ϕ˙y′(~ey′) =
tanϕy tanϕz
cosϕz(1 + tan
2 ϕy + tan
2 ϕz)
ϕ˙z
ϕ˙z′(~ey′) =
1
cosϕy cos2 ϕz(1 + tan
2 ϕy + tan
2 ϕz)
ϕ˙z (2.17)
ϕ˙x′(~ez′) =
tanϕz√
1 + tan2 ϕy + tan
2 ϕz
ϕ˙y
ϕ˙y′(~ez′) =
1
cos2 ϕy cosϕz(1 + tan
2 ϕy + tan
2 ϕz)
ϕ˙y
ϕ˙z′(~ez′) =
tanϕy tanϕz
cosϕy(1 + tan
2 ϕy + tan
2 ϕz)
ϕ˙y .
Based on the Figure 2.4, it is clear that the angular speed of the y′-z′-plane is the rotational speed
of the vector ~ey′ due to z′-axis and the rotational speed of the vector ~ez′ due to y′-axis, hence the
angular speed in Equation (2.10) can be reformulated as
ωE = ϕ˙y′(~ez′) ~ey′ + ϕ˙z′(~ey′) ~ez′ (2.18)
and by inserting Equations (2.17) and (2.18) into Equation (2.10),
ωs = −ϕ˙ ~ex′ + 1
cos2 ϕy cosϕz(1 + tan
2 ϕy + tan
2 ϕz)
ϕ˙y ~ey′
+
1
cosϕy cos2 ϕz(1 + tan
2 ϕy + tan
2 ϕz)
ϕ˙z ~ez′ . (2.19)
Furthermore, the vector of angular momentum can be calculated
L = Θ ωs . (2.20)
If ϕy and ϕz are assumed to be small then
L = (−Θpϕ˙) ~ex + (−Θpϕ˙ϕz +Θaϕ˙y) ~ey + (Θpϕ˙ϕy +Θaϕ˙z) ~ez . (2.21)
The time derivative of angular momentum can be rewritten in two ways:
1. in fixed reference frame as
dL
dt
= (−Θpϕ¨)~ex + (−Θpϕ¨ϕz −Θpϕ˙ϕ˙z +Θaϕ¨y)~ey + (Θpϕ¨ϕy +Θpϕ˙ϕ˙y +Θaϕ¨z)~ez (2.22)
2. in rotating reference frame as
dL
dt
= (−Θpϕ¨)~ex +
[
Θp(ϕ¨ϕη + ϕ˙
2ϕζ + ϕ˙ϕ˙η) + Θa(ϕ¨ζ − ϕ˙2ϕζ − 2ϕ˙ϕ˙η − ϕ¨ϕη)
]
~eζ
+
[
Θp(−ϕ¨ϕζ + ϕ˙2ϕη − ϕ˙ϕ˙ζ) + Θa(ϕ¨η − ϕ˙2ϕη + 2ϕ˙ϕ˙ζ + ϕ¨ϕζ)
]
~eη . (2.23)
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2.3 Asymmetric bending
It is well known that if a beam is loaded by an external force not in the direction of the principal
axes of beam cross-section, then its deflection will not be parallel to the direction of the force.
This phenomenon is well known as asymmetric bending ([14], [33]).
xη
ζ
p
w
w′
w′ζ
ζ
Mη
xζ
η
p
v
v′
v′η
η
Mζ
Figure 2.5: Kinematics of deflected beam
Figure 2.5 depicts the kinematics of asymmetric bending of deflected beam. If a beam is loaded
by a force, the bending moments will occur in both η and ζ-direction directly. Furthermore, the
displacement of point p in x-direction can be defined as
up(x, η, ζ) = u(x)− w′(x) ζ − v′(x) η . (2.24)
If the differentiation of point p due to differentiation of x is considered, then the elongation of
point p in x-direction is obtained.
εx(x, η, ζ) =
∂up(x, η, ζ)
∂x
= u′(x)− w′′(x) ζ − v′′(x) η . (2.25)
Furthermore, by assuming the HOOKE’s law
σx = Eεx(x, η, ζ) , (2.26)
where E is YOUNG’s modulus of the beam material, the normal stress of the beam can be deter-
mined to
σx = Eu
′(x)− Ew′′(x) ζ − Ev′′(x) η . (2.27)
Based on the Equation (2.27), if the area of beam cross-section is defined as A then the normal
force can be obtained
N(x) =
∫
(A)
σx dA = EAu
′(x) . (2.28)
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With the assumption that no normal force acts on the beam, the normal stresses which act on the
beam come only from bending moments Mη and Mζ , where
Mη(x) =
∫
(A)
ζ σx dA = −EIηw′′(x) + EIηζv′′(x) (2.29)
and
Mζ(x) = −
∫
(A)
η σx dA = −EIηζw′′(x) + EIζv′′(x) . (2.30)
Furthermore, by elimination of the Equation (2.29) and (2.30), the second differentiation of de-
flection in ζ and η-directions are obtained
w′′(x) = − Iζ
E
(
IηIζ − I2ηζ
)Mη(x) + Iηζ
E
(
IηIζ − I2ηζ
)Mζ(x) (2.31)
v′′(x) = − Iηζ
E
(
IηIζ − I2ηζ
)Mη(x) + Iη
E
(
IηIζ − I2ηζ
)Mζ(x) . (2.32)
2.4 Strain energy in asymmetric bending
It is well known that if an elastic body or beam is loaded by a force then that body will be
deformed. With the assumption that no energy is converted to heat, the external work will be
absorbed by the body in form of internal strain energy, where
W = U . (2.33)
If one is interested in the normal stress in x-direction which comes only from bending moments,
the equation of strain energy in the beam can be formulated in a double-integral as
U =
1
2
∫
(ℓ)
∫
(A)
σx εx(x, η, ζ) dAdx . (2.34)
Since the Equation (2.34) is extended by using substitution from Equations (2.25) and (2.27)
without factor u′(x) into the Equation (2.34), the internal strain energy becomes
U =
1
2
∫
(ℓ)
[EIη w
′′ (x)w′′ (x) + EIζ v
′′ (x) v′′ (x)− 2EIηζ w′′ (x) v′′ (x)] dx . (2.35)
Furthermore, if the Equation (2.35) is abbreviated by the Equations (2.29) and (2.30) then the
internal strain energy as a function of bending moments is obtained
U =
1
2
∫
(ℓ)
−Mη w′′(x) +Mζ v′′(x) dx . (2.36)
Finally, if the Equations (2.31) and (2.32) are substituted into the Equation (2.36) then the internal
strain energy as a function of bending moments in asymmetric bending is obtained
U =
1
2
∫
(ℓ)
Iζ
E
(
IηIζ − I2ηζ
)M2η (x) dx + 12
∫
(ℓ)
Iη
E
(
IηIζ − I2ηζ
)M2ζ (x) dx
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−
∫
(ℓ)
Iηζ
E
(
IηIζ − I2ηζ
)Mη(x)Mζ(x) dx . (2.37)
The Equation (2.37) consists of three integral components, where the first and the second integral
can be used to obtain the internal strain energy for the same plane of works (e.g. the works of
the forces in ζ or in η-direction with the displacements in ζ or in η-direction, respectively). The
first or the second integral components is called as active internal strain energy. The third integral
component can be used to obtain the internal strain energy for the different plane of works (e.g.
the works of the forces in ζ-direction with the displacements in η-direction or reciprocally). The
third integral component is called pasive internal strain energy.
If the Equation (2.37) is extended, where Mη consists of Miη and Mjη and Mζ consists of Miζ
and Mjζ , they can be rewritten as
M2η = (Miη +Mjη)
2 = M2iη +M
2
jη + 2MiηMjη (2.38)
M2ζ = (Miζ +Mjζ)
2 = M2iζ +M
2
jζ + 2MiζMjζ (2.39)
or for kth-element of bending moment in η-direction can be written as
M2kη = (Mikη +Mjkη)
2 = M2ikη +M
2
jkη + 2MikηMjkη (2.40)
and in ζ-direction as
M2kζ = (Mikζ +Mjkζ)
2 = M2ikζ +M
2
jkζ + 2MikζMjkζ . (2.41)
With Equations (2.40) and (2.41), the Equation (2.37) can be written as
U = Uiiζ + Ujjζ + Uijζ + Uiiη + Ujjη + Uijη + U¯iiηζ + U¯jjηζ + U¯ijηζ , (2.42)
where U¯ denotes the passive internal strain energy.
Based on the MAXWELL-BETTI reciprocal work theorem which has been used in the similar
case in [24], the internal strain energy of the system can be written by using the relationship of
flexibility equation, hence
U =
1
2
hiiζf
2
iζ +
1
2
hjjζf
2
jζ + hijζfiζfjζ +
1
2
hiiηf
2
iη +
1
2
hjjηf
2
jη + hijηfiηfjη
+
1
2
hiiηζ f¯iηfiζ +
1
2
hjjηζ f¯jηfjζ + hijηζ f¯jηfiζ , (2.43)
where h and f are defined as flexibility influence coefficient and normalized acting force, res-
pectively. The explicit expressions of the flexibility influence coefficients can be found in the
Appendix A.1.
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2.5 Dynamic parameters of anisotropic rotor supported by ri-
gid bearings
In an anisotropic rotor model, the mass of the shaft is assumed to be small compared to the disk
mass. This system is not only influenced by gyroscopic moments but also both by internal viscous
damping forces of the shaft and by external proportional damping forces due to velocity of the
disk.
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Figure 2.6: Anisotropic rotor with different shaft orientations supported by rigid bearings
The authors in [11], [28] and [34] have formulated the differential equations of rotor supported
by rigid bearings, where the equations of system motion can be considered by using the system
reference at the centre of gravitation of the system S or at the centre of rotating shaftW . However,
the point W is easier to determine experimentally, hence a model with the reference of centre of
rotating shaft W is preferred in the mathematical model.
For the case in Figure 2.6, the rotor model has a node which has four degrees of freedom, those
are two translational y, z or η, ζ and two rotational ϕy, ϕz or ϕζ , ϕη degrees of freedom. The
shaft is modelled by discrete elements. Because of different shaft orientations and by using the
minimal number of elements, the shaft is devided into two elements. The positive sign rule is
used in numbering of the node of the shaft, the forces and the displacements. The first step is
to number the displacement and force in translational direction i.e. in ζ-axis and then in η-axis.
The next step is to number the rotational displacements and moments in ζ-axis and then η-axis as
shown in Figure 2.7.
In the model, the gravitational force is taken into account. The gravitational force in rotating
reference frame is
Fg = mg cosϕ ~eζ −mg sinϕ ~eη (2.44)
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Figure 2.7: Rotor model 4-DoF with the minimal number of discrete elements
or in matrix notation the Equation (2.44) is rewritten in a column matrix as
pg =


mg cosϕ
−mg sinϕ
0
0

 . (2.45)
2.5.1 Flexibility matrix
By deviding the bending moments Mikη, Mjkζ and Mikζ , Mjkη in kth-element by forces Fiζ , Fjη
and by moments Miζ , Mjη, respectively, the normalized bending moments are obtained
Mˆikη(x) =
Mikη(x)
Fiζ
Mˆjkζ(x) =
Mjkζ(x)
Fjη
Mˆjkη(x) =
Mjkη(x)
Mjη
Mˆikζ(x) =
Mikζ(x)
Miζ
.
(2.46)
For the model which consists of four degrees of freedom with the minimal number of discrete
elements, the equations of bending moments under the forces F1 and F2 as the functions of the
shaft position x can be formulated based on Figure 2.8, thus
Mˆ11η(x) =
ℓ2
ℓ
x Mˆ21ζ(x) = −ℓ2
ℓ
x
Mˆ12η(x) = −ℓ1
ℓ
x+
ℓ1ℓ2
ℓ
Mˆ22ζ(x) =
ℓ1
ℓ
x− ℓ1ℓ2
ℓ
(2.47)
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Figure 2.8: Bending moments in anisotropic rotor
and the equations of bending moments under the moments M3 and M4 are obtained as the func-
tions of the position x as
Mˆ31ζ(x) = −x
ℓ
Mˆ41η(x) =
x
ℓ
Mˆ32ζ(x) = −x
ℓ
+
ℓ2
ℓ
Mˆ42η(x) =
x
ℓ
− ℓ2
ℓ
.
(2.48)
The flexibility influence coefficients of the shaft are obtained as follows
hij =
2∑
k=1
∫
(ℓk)
Ikζ
E
(
IkηIkζ − I2kηζ
)Mˆikη(x) Mˆjkη(x) dx ; for i = 1, 4 and j = 1, 4 (2.49)
hij =
2∑
k=1
∫
(ℓk)
Ikη
E
(
IkηIkζ − I2kηζ
)Mˆikζ(x) Mˆjkζ(x) dx ; for i = 2, 3 and j = 2, 3 (2.50)
hij =
2∑
k=1
∫
(ℓk)
−Ikηζ
E
(
IkηIkζ − I2kηζ
)Mˆikη(x) Mˆjkζ(x) dx ; for i = 1, 4 and j = 2, 3. (2.51)
After assembling of the flexibility influence coefficients as mentioned in the Equations (2.49)-
(2.51), they can be arranged in a matrix with the size 4×4, thus
H =


h11 h12 h13 h14
h12 h22 h23 h24
h13 h23 h33 h34
h14 h24 h34 h44

 . (2.52)
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Furthermore, the stiffness matrix can be obtained as inverse of the flexibility matrix, hence
CW = H−1 =


c11 c12 c13 c14
c12 c22 c23 c24
c13 c23 c33 c34
c14 c24 c34 c44

 . (2.53)
Shaft bending forces in rotating reference frame can be determined based on the stiffness matrix
in the Equation (2.53). Because the shaft bending forces are reaction forces, these forces are
written in negative sign , hence

Fc1
Fc2
Mc3
Mc4

 = −


c11 c12 c13 c14
c12 c22 c23 c24
c13 c23 c33 c34
c14 c24 c34 c44




ζW
ηW
ϕζ
ϕη

 (2.54)
or rewritten in simple form
f c = −CW qW . (2.55)
2.5.2 Damping matrix
In considering of a damping coefficient of a structure, this damping is separated between internal
and external damping. In [35] and [44], the internal damping is approached by a proportional
damping due to mass matrix and stiffness matrix as RAYLEIGH damping, where
Di = αm M + αc CW , (2.56)
with αm and αc are coefficients of proportional internal damping due to mass matrix and stiffness
matrix, respectively.
If the coefficient of internal damping can be considered by using an assumption that the rotor
system is in standby condition, where the rotor speed is still equal to zero, therefore the rotor
system is still as a static system. In this case, the differential equation of the rotor refers to a
general damped system in fixed reference frame
M q¨ + Di q˙ + C q = 0 . (2.57)
By using an assumption of the CAUGHEY damping [35], the damping can be considered by using
the orthogonality behavior of the eigenvectors of the system to obtain the uncoupled damping
matrix.
Therefore, the transformation of coordinate is introduced
q = Φ r , (2.58)
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where Φ is the modal matrix or normalized eigenvectors and r is the modal matrix of displace-
ments, thus uncoupled matrices of mass matrix, damping matrix and stiffness matrix are obtained
as follows
M˜ = ΦTM Φ, C˜ = ΦTC Φ and D˜i = ΦTDi Φ . (2.59)
Since the specified modal damping ratio Di is known, the damping matrix has the relationship
D˜i =


2D1ω1M˜1 0 0 0
0 2D2ω2M˜2 0 0
0 0 2D3ω3M˜3 0
0 0 0 2D4ω4M˜4

 (2.60)
In order to obtain the coupled damping matrix again, the Equation (2.60) should be premultiplied
by inverse transpose of the modal matrix and postmultiplied by inverse of the modal matrix, hence
Di = Φ−T D˜i Φ−1 . (2.61)
Furthermore, because the internal damping forces of the shaft in rotating reference frame are
reaction damping forces of the system, they are denoted by a negative sign.

Fi1
Fi2
Mi3
Mi4

 = −


d11 d12 d13 d14
d12 d22 d23 d24
d13 d23 d33 d34
d14 d24 d34 d44




ζ˙W
η˙W
ϕ˙ζ
ϕ˙η

 (2.62)
or rewritten in simple form
f i = −Di q˙W . (2.63)
For external damping, an approach of proportional damping due to absolute velocity of disk can
be used. In fixed reference frame, the external damping force can be written as
Fa = −da (z˙S ~ez + y˙S ~ey) (2.64)
or in rotating reference frame due to centre of shaft W , the equation can be formulated as
Fa = −da
[(
ζ˙W − ϕ˙ηW − εϕ˙ sinφ
)
~eζ + (η˙W + ϕ˙ζW + εϕ˙ cosφ)~eη
]
, (2.65)
where da is coefficient of proportional external damping.
In matrix notation the Equation (2.65) can be rearranged as

Fa1
Fa2
Ma3
Ma4

 = −


da
da
0
0




ζ˙W
η˙W
ϕ˙ζ
ϕ˙η

−


0 −daϕ˙ 0 0
daϕ˙ 0 0 0
0 0 0 0
0 0 0 0




ζW
ηW
ϕζ
ϕη

+


daεϕ˙ sinφ
−daεϕ˙ cosφ
0
0

 (2.66)
or rewritten in simple form
fa = −Da q˙W − Ca qW + pa . (2.67)
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2.5.3 Differential equations of translatory inertia
Differential equations of translatory inertia of a rotor which are considered in the fixed reference
frame at the centre of gravitation of the system are
m (z¨S ~ez + y¨S ~ey) =
∑
n
Fn (2.68)
If the Equation (2.68) is separated into ζ and η-directions, thus
m
(
ζ¨s − ϕ¨ ηs − 2ϕ˙ η˙s − ϕ˙2 ζs
)
~eζ = (Fa1 + Fi1 + Fc1 + Fg)~eζ (2.69)
m
(
η¨s + ϕ¨ ζs + 2ϕ˙ ζ˙s − ϕ˙2 ηs
)
~eη = (Fa2 + Fi2 + Fc2 + Fg)~eη (2.70)
or in matrix notation the Equations (2.69) and (2.70) can be written as


m
m
0
0




ζ¨W
η¨W
ϕ¨ζ
ϕ¨η

+


0 −2mϕ˙ 0 0
2mϕ˙ 0 0 0
0 0 0 0
0 0 0 0




ζ˙W
η˙W
ϕ˙ζ
ϕ˙η


+


−mϕ˙2 −mϕ¨ 0 0
mϕ¨ −mϕ˙2 0 0
0 0 0 0
0 0 0 0




ζW
ηW
ϕζ
ϕη

−


mεϕ¨ sinφ+mεϕ˙2 cosφ
−mεϕ¨ cosφ+mεϕ˙2 sinφ
0
0

 =


∑
F ~eζ∑
F ~eη
0
0

 (2.71)
or rewritten in simple form
MT q¨W + DT q˙W + CT qW − pT = fT . (2.72)
2.5.4 Differential equations of rotary inertia
In rotating reference frame, the gyroscopic moments as presented in the Equation (2.23) should
be used to obtain the complete differential equations of rotor motion in ϕζ and ϕη-directions.
Therefore, the differential equations of rotary inertia can be considered as follows
L˙ ~eζ = (Mi3 +Mc3)~eζ (2.73)
L˙ ~eη = (Mi4 +Mc4)~eη , (2.74)
where the components Mi3,Mi4,Mc3 and Mc4 come from the Equations (2.54) and (2.62). In
matrix notation the Equations (2.73) and (2.74) can be written as
2.5. Dynamic parameters of anisotropic rotor supported by rigid bearings 23


0 0 0 0
0 0 0 0
0 0 Θa 0
0 0 0 Θa




ζ¨W
η¨W
ϕ¨ζ
ϕ¨η

+


0 0 0 0
0 0 0 0
0 0 0 (Θp−2Θa) ϕ˙
0 0 −(Θp−2Θa) ϕ˙ 0




ζ˙W
η˙W
ϕ˙ζ
ϕ˙η


+


0 0 0 0
0 0 0 0
0 0 (Θp−Θa) ϕ˙2 (Θp−Θa) ϕ¨
0 0 −(Θp−Θa) ϕ¨ (Θp−Θa) ϕ˙2




ζW
ηW
ϕζ
ϕη

 =


0
0∑
M ~eζ∑
M ~eη

 (2.75)
or rewritten in simple form
MG q¨W + DG q˙W + CG qW = fG . (2.76)
2.5.5 Differential equations of rotor motion
Generally, the system has five differential equations of motion. The first four equations come
from the following equation in matrices
(MT + MG) q¨ + (DT + DG + Da + Di) q˙ + (CT + CG + Ca + CW ) q
= pT + pa + pg (2.77)
with the system matrices and force vectors from Equations (2.45), (2.55), (2.63), (2.67), (2.72)
and (2.76).
Rewritten in simple form gives
M q¨ + D q˙ + C q = p , (2.78)
where each component matrix has the size 4×4. The matrix M is a diagonal matrix and has
constant values. It is well known that the matrix D and the matrix C are speed-dependent and
have skew-symmetric components.
Torsion due to reaction forces in bearings
Since the reaction forces in the bearings have been considered in the Equations (2.54) and (2.62),
a torsion Tε in the centre of gravitation S of the disk can be generated by the acting forces in the
centre of the shaft W , hence
Tε = −ε ( cosφ ~eζ + sinφ ~eη )× [(Fi1 + Fc1)~eζ + (Fi2 + Fc2)~eη] . (2.79)
Furthermore, because the reaction forces of bending shaft act not in the direction of shaft bending,
a torque Ts will be brought forward from the shaft to the disk, thus
Ts = − (ηW ~eη + ζW ~eζ)× [(Fi1 + Fc1)~eζ + (Fi2 + Fc2)~eη] . (2.80)
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If the driving torque of the shaft is defined as Ta then this torque, the Tε and Ts are applied in the
dynamic equation in the rotational x-direction as
−Θpϕ¨ ~ex = −Tε − Ts − Ta , (2.81)
hence, the fifth equation of motion of the rotor can be obtained. The complete set of the equations
can be found in Appendix A.2.
2.6 Dynamic parameters of anisotropic rotor supported by an-
isotropic flexible bearings
In an anisotropic rotor supported by anisotropic flexible bearings, the system has eight degrees of
freedom as shown in Figure 2.10. Four degrees of freedom come from a node, where a disk is
attached and the others come from the motions of bearings.
O
x
y
z
W
S
ϕ˙
L1
L2
c1y, d1y
c1z, d1z
c2y, d2y
c2z, d2z
ℓ1
ℓ2
(a)
O
x
y
z
yW
zW
η
ζ
ηW
ζW
η∗k
ζ∗k
βk φ
ε
ϕ
W
S
L1
L2
zL1
zL2
yL1yL2
(b)
Figure 2.9: Anisotropic rotor supported by anisotropic flexible bearings
Based on the Figure 2.10, the kinematic relationship in rotating reference frame can be deter-
mined. Therefore, the translational and rotational displacements of the bearings are obtained as
follows
ζL =
ℓ2
ℓ
ζL1 +
ℓ1
ℓ
ζL2 and ηL =
ℓ2
ℓ
ηL1 +
ℓ1
ℓ
ηL2 (2.82)
and
ϕζL ≈ −1
ℓ
(ηL1 − ηL2) and ϕηL ≈
1
ℓ
(ζL1 − ζL2) . (2.83)
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x
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Figure 2.10: Rotor model 8-DoF with the minimal number of discrete elements
Furthermore, translational and rotational velocity of the bearings are obtained by derivation of
the Equations (2.82) and (2.83) due to time respectively, hence
ζ˙L =
ℓ2
ℓ
ζ˙L1 +
ℓ1
ℓ
ζ˙L2 and η˙L =
ℓ2
ℓ
η˙L1 +
ℓ1
ℓ
η˙L2 (2.84)
and
ϕ˙ζL ≈ −1
ℓ
(η˙L1 − η˙L2) and ϕ˙ηL ≈
1
ℓ
(
ζ˙L1 − ζ˙L2
)
. (2.85)
2.6.1 Flexibility and damping matrices
Derivation of equations of the rotor supported by anisotropic flexible bearings is more compli-
cated than the rotor supported by rigid bearings. The differential equations must be considered
not only in the shaft system but also in the bearing system.
Equations in shaft system
Considering of the shaft stiffness in anisotropic flexible bearings is analoque to the shaft stiffness
of the rotor supported by rigid bearings in Equation (2.53). The internal forces in the shaft are
equal to the mutiplication of shaft stiffness and relative displacement of the disk, hence


Fc1
Fc2
Mc3
Mc4

 = −


c11 c12 c13 c14
c12 c22 c23 c24
c13 c23 c33 c34
c14 c24 c34 c44




ζW−ζL
ηW−ηL
ϕζ−ϕζL
ϕη−ϕηL

 . (2.86)
26 Chapter 2. Anisotropic shaft with single disk and different shaft orientation
Using the Equations (2.82) and (2.83) give

Fc1
Fc2
Mc3
Mc4

 = −


c11 c12 c13 c14
c12 c22 c23 c24
c13 c23 c33 c34
c14 c24 c34 c44




ζW
ηW
ϕζ
ϕη

+


c15 c16 c17 c18
c25 c26 c27 c28
c35 c36 c37 c38
c45 c46 c47 c48




ζL1
ηL1
ζL2
ηL2

 (2.87)
or rewritten in simple form
f c = −CW qW + CWL qL , (2.88)
where CW is the shaft stiffness matrix of anisotropic rotor with different shaft orientations equi-
valent to Equation (2.53) and
CWL =


(
ℓ2
ℓ
c11 +
1
ℓ
c14
) (
ℓ2
ℓ
c12 − 1ℓ c13
) (
ℓ1
ℓ
c11 − 1ℓ c14
) (
ℓ1
ℓ
c12 +
1
ℓ
c13
)(
ℓ2
ℓ
c12 +
1
ℓ
c24
) (
ℓ2
ℓ
c22 − 1ℓ c23
) (
ℓ1
ℓ
c12 − 1ℓ c24
) (
ℓ1
ℓ
c22 +
1
ℓ
c23
)(
ℓ2
ℓ
c13 +
1
ℓ
c34
) (
ℓ2
ℓ
c23 − 1ℓ c33
) (
ℓ1
ℓ
c13 − 1ℓ c34
) (
ℓ1
ℓ
c23 +
1
ℓ
c33
)(
ℓ2
ℓ
c14 +
1
ℓ
c44
) (
ℓ2
ℓ
c24 − 1ℓ c34
) (
ℓ1
ℓ
c14 − 1ℓ c44
) (
ℓ1
ℓ
c24 +
1
ℓ
c34
)

 . (2.89)
Analoque to the above shaft stiffness, the internal damping forces can be determined

Fi1
Fi2
Mi3
Mi4

 = −


d11 d12 d13 d14
d12 d22 d23 d24
d13 d23 d33 d34
d14 d24 d34 d44




ζ˙W−ζ˙L
η˙W−η˙L
ϕ˙ζ−ϕ˙ζL
ϕ˙η−ϕ˙ηL

 . (2.90)
Using the Equations (2.84) and (2.85) give

Fi1
Fi2
Mi3
Mi4

 = −


d11 d12 d13 d14
d12 d22 d23 d24
d13 d23 d33 d34
d14 d24 d34 d44




ζ˙W
η˙W
ϕ˙ζ
ϕ˙η

+


d15 d16 d17 d18
d25 d26 d27 d28
d35 d36 d37 d38
d45 d46 d47 d48




ζ˙L1
η˙L1
ζ˙L2
η˙L2

 (2.91)
or rewritten in simple form
f i = −Di q˙W + DiL q˙L , (2.92)
where Di is the internal damping matrix of the shaft or equivalent to Equation (2.63) and
DiL =


(
ℓ2
ℓ
d11 +
1
ℓ
d14
) (
ℓ2
ℓ
d12 − 1ℓd13
) (
ℓ1
ℓ
d11 − 1ℓd14
) (
ℓ1
ℓ
d12 +
1
ℓ
d13
)(
ℓ2
ℓ
d12 +
1
ℓ
d24
) (
ℓ2
ℓ
d22 − 1ℓd23
) (
ℓ1
ℓ
d12 − 1ℓd24
) (
ℓ1
ℓ
d22 +
1
ℓ
d23
)(
ℓ2
ℓ
d13 +
1
ℓ
d34
) (
ℓ2
ℓ
d23 − 1ℓd33
) (
ℓ1
ℓ
d13 − 1ℓd34
) (
ℓ1
ℓ
d23 +
1
ℓ
d33
)(
ℓ2
ℓ
d14 +
1
ℓ
d44
) (
ℓ2
ℓ
d24 − 1ℓd34
) (
ℓ1
ℓ
d14 − 1ℓd44
) (
ℓ1
ℓ
d24 +
1
ℓ
d34
)

 . (2.93)
Because the external damping forces are formulated by proportional damping corresponding to
the absolute velocity of the disk, there is no difference of formulation of the Equation (2.67) for
anisotropic rotor supported by anisotropic flexible bearings.
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Furthermore, the reaction forces in the bearings can be determined. The reaction force for sup-
porting the left side of the rotor in ζ-direction is
F5 = −
[
ℓ2
ℓ
(Fc1 + Fi1) +
1
ℓ
(Mc4 +Mi4)
]
(2.94)
and in η-direction
F6 = −
[
ℓ2
ℓ
(Fc2 + Fi2)− 1
ℓ
(Mc3 +Mi3)
]
. (2.95)
The reaction force for supporting the right side of the rotor in ζ-direction is
F7 = −
[
ℓ1
ℓ
(Fc1 + Fi1)− 1
ℓ
(Mc4 +Mi4)
]
(2.96)
and in η-direction
F8 = −
[
ℓ1
ℓ
(Fc2 + Fi2) +
1
ℓ
(Mc3 +Mi3)
]
. (2.97)
If a force vector is introduced
fLW =
(
F5, F6, F7, F8
)T
(2.98)
or in simple form of matrix notation
fLW = DTiL q˙W − DLL q˙L + CTWL qW − CLL qL , (2.99)
where
DLL =


(
ℓ2
ℓ
d15 +
1
ℓ
d45
) (
ℓ2
ℓ
d16 +
1
ℓ
d46
) (
ℓ2
ℓ
d17 +
1
ℓ
d47
) (
ℓ2
ℓ
d18 +
1
ℓ
d48
)(
ℓ2
ℓ
d25 − 1ℓd35
) (
ℓ2
ℓ
d26 − 1ℓd36
) (
ℓ2
ℓ
d27 − 1ℓd37
) (
ℓ2
ℓ
d28 − 1ℓd38
)(
ℓ1
ℓ
d15 − 1ℓd45
) (
ℓ1
ℓ
d16 − 1ℓd46
) (
ℓ1
ℓ
d17 − 1ℓd47
) (
ℓ1
ℓ
d18 − 1ℓd48
)(
ℓ1
ℓ
d25 +
1
ℓ
d35
) (
ℓ1
ℓ
d26 +
1
ℓ
d36
) (
ℓ1
ℓ
d27 +
1
ℓ
d37
) (
ℓ1
ℓ
d28 +
1
ℓ
d38
)

 (2.100)
and
CLL =


(
ℓ2
ℓ
c15 +
1
ℓ
c45
) (
ℓ2
ℓ
c16 +
1
ℓ
c46
) (
ℓ2
ℓ
c17 +
1
ℓ
c47
) (
ℓ2
ℓ
c18 +
1
ℓ
c48
)(
ℓ2
ℓ
c25 − 1ℓ c35
) (
ℓ2
ℓ
c26 − 1ℓ c36
) (
ℓ2
ℓ
c27 − 1ℓ c37
) (
ℓ2
ℓ
c28 − 1ℓ c38
)(
ℓ1
ℓ
c15 − 1ℓ c45
) (
ℓ1
ℓ
c16 − 1ℓ c46
) (
ℓ1
ℓ
c17 − 1ℓ c47
) (
ℓ1
ℓ
c18 − 1ℓ c48
)(
ℓ1
ℓ
c25 +
1
ℓ
c35
) (
ℓ1
ℓ
c26 +
1
ℓ
c36
) (
ℓ1
ℓ
c27 +
1
ℓ
c37
) (
ℓ1
ℓ
c28 +
1
ℓ
c38
)

 . (2.101)
Equations in bearing system
The force on the left bearing is
FL1 = − [(d1z z˙L1 + c1z zL1) ~ez + (d1y y˙L1 + c1y yL1) ~ey] (2.102)
and for the right bearing
FL2 = − [(d2z z˙L2 + c2z zL2) ~ez + (d2y y˙L2 + c2y yL2) ~ey] , (2.103)
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where all forces are performed in fixed reference frame, whereas the shaft stiffness is performed
in rotating reference frame. Therefore, the equations in the bearings should be transformed into
rotating reference frame of by using the Equation (2.4), hence the equations of the reaction dam-
ping forces in the bearings are obtained

Fd1ζ
Fd1η
Fd2ζ
Fd2η

 = −


dp1 + d
(c)
k1
−d(s)k1 0 0
−d(s)k1 dp1 − d
(c)
k1
0 0
0 0 dp2 + d
(c)
k2
−d(s)k2
0 0 −d(s)k2 dp2 − d
(c)
k2




ζ˙L1
η˙L1
ζ˙L2
η˙L2


−


−d(s)k1 ϕ˙ −dp1ϕ˙− d
(c)
k1
ϕ˙ 0 0
dp1ϕ˙− d(c)k1 ϕ˙ d
(s)
k1
ϕ˙ 0 0
0 0 −d(s)k2 ϕ˙ −dp2ϕ˙− d
(c)
k2
ϕ˙
0 0 dp2ϕ˙− d(c)k2 ϕ˙ d
(s)
k2
ϕ˙




ζL1
ηL1
ζL2
ηL2

 (2.104)
where
dp1 =
1
2
(d1z + d1y) dp2 =
1
2
(d2z + d2y)
d
(c)
k1
= 1
2
(d1z − d1y) cos 2ϕ d(c)k2 = 12 (d2z − d2y) cos 2ϕ
d
(s)
k1
= 1
2
(d1z − d1y) sin 2ϕ d(s)k2 = 12 (d2z − d2y) sin 2ϕ .
(2.105)
In a simple form, the Equation (2.104) can be written as
f dL = −DdL q˙L − CdL qL . (2.106)
Furthermore, the equations of the reaction deflection forces in the bearings are

Fc1ζ
Fc1η
Fc2ζ
Fc2η

 = −


cp1 + c
(c)
k1
−c(s)k1 0 0
−c(s)k1 cp1 − c
(c)
k1
0 0
0 0 cp2 + c
(c)
k2
−c(s)k2
0 0 −c(s)k2 cp2 − c
(c)
k2




ζL1
ηL1
ζL2
ηL2

 , (2.107)
where
cp1 =
1
2
(c1z + c1y) cp2 =
1
2
(c2z + c2y)
c
(c)
k1
= 1
2
(c1z − c1y) cos 2ϕ c(c)k2 = 12 (c2z − c2y) cos 2ϕ
c
(s)
k1
= 1
2
(c1z − c1y) sin 2ϕ c(s)k2 = 12 (c2z − c2y) sin 2ϕ .
(2.108)
In a simple form, the Equation (2.107) can be written as
f cL = −CL qL (2.109)
Now, the equations in the bearing system can be determined to
ML q¨L = fLW + f dL + f cL (2.110)
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2.6.2 Differential equations of rotor motion
Similar to Section 2.5.5, in general the anisotropic rotor supported by anisotropic flexible bearings
has nine differential equations. With the assumption that the bearing mass coefficient in matrix
ML is zero, hence the first eight equations of motion of the rotor can be written as
[
MT + MG 0
0 ML
][
q¨W
q¨L
]
+
[
DT + DG + Da + Di −DiL
−DTiL DLL + DdL
][
q˙W
q˙L
]
+
[
CT + CG + Ca + CW −CWL
−CTWL CLL + CdL + CL
][
qW
qL
]
=
[
pT + pa + pg
0
]
. (2.111)
In general form the Equation (2.111) can be written as
M q¨ + D q˙ + C q = p (2.112)
Torsion due to reaction forces in bearings
Similar to the case of the rotor supported by rigid bearings as mentioned in Section 2.5, the torsion
Tε in the centre of gravitation S of the disk can be generated by the acting forces in the centre of
the shaft W as
Tε = −ε ( cosφ ~eζ + sinφ ~eη )× [(Fi1 + Fc1)~eζ + (Fi2 + Fc2)~eη] . (2.113)
Furthermore, because the reaction forces of bending shaft act not in the direction of shaft bending,
a torque Ts will be brought forward from the shaft to the disk, thus
Ts = − [(ηW − ηL)~eη + (ζW − ζL)~eζ ]× [(Fi1 + Fc1)~eζ + (Fi2 + Fc2)~eη] . (2.114)
If Tε, Ts and the driving torque Ta are applied in the dynamic equation in the rotational x-
direction, thus
−Θpϕ¨ ~ex = −Tε − Ts − Ta . (2.115)
Now, the ninth equation of motion of the rotor is obtained. The complete set of the equations can
be found in Appendix-B2.
2.7 Anisotropic shaft with single disk and many shaft elements
Modelling of a single disk anisotropic shaft discretized by many discrete shaft elements is ex-
plained in more detail in Section 3, where a general of multiple disks anisotropic rotor with many
shaft elements will be discussed. If a rotor shaft is descretized into Ne-elements and a node is
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defined as a joint between two elements then the rotor model will have Nd=Ne−1 nodes. A disk
can be attached only in a node. Therefore, the system has a matrix 4Nd×4Nd. Whereas the rotor
with only one disk has many dummy disks assumed to be massless, hence the mass matrix has
only four components which are not zero in diagonal of the matrix . Therefore, the mass matrix
is singular. In the shaft stiffness matrix, there is no particular condition, where the matrix size is
extended up to 4Nd×4Nd. Arranging the general equations of motion of the rotor based on rota-
ting reference frame, the matrix C consists of components of a shaft stiffness matrix, components
of proportional mass and proportional damping coefficients due to displacement. The matrix D
consists of internal and external damping matrices, gyroscopic matrix and components of propor-
tional mass due to velocity. Because the internal damping is considered by using an approach of
proporsional damping due to mass matrix and stiffness matrix as written in the Equation (2.56),
the size of damping matrix is also 4Nd×4Nd.
In order to solve the differential equations numerically, there is a problem if the mass matrix is
singular. Because of that, the static condensation method (see Section 2.8) can be used, where the
zero part in the diagonal of mass matrix can be eliminated. Now, the reduced matrix has the size
4×4 only. The matrices D and C are reduced accordingly.
2.8 Reduction of degrees of freedom (static condensation)
Several methods have been developed to reduce the number of degrees of freedom of a system,
those are static condensation, dynamic condensation, modal condensation and a modified static
and modal condensation [10]. For some zero components in diagonal mass matrix, as mentioned
in the previous section, the method of static condensation is very covenient to be used.
With the assumption that the part of DTiL and (DLL + DdL) are negligible, the Equation (2.111)
becomes
[
MT + MG 0
0 0
][
q¨W
q¨L
]
+
[
DT + DG + Da + Di −DiL
0 0
][
q˙W
q˙L
]
+
[
CT + CG + Ca + CW −CWL
−CTWL CLL + CdL + CL
][
qW
qL
]
=
[
pT + pa + pg
0
]
. (2.116)
Equation (2.116) can be written in short form as[
M11 0
0 0
][
q¨W
q¨L
]
+
[
D11 D12
0 0
][
q˙W
q˙L
]
+
[
C11 C12
C21 C22
][
qW
qL
]
=
[
p1
0
]
. (2.117)
The second line of those matrices yields
qL = −C−122 C21 qW . (2.118)
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Removing the Equation (2.117) gives
M11 q¨W + D¯11 q˙W + C¯11, q˙W = p1 , (2.119)
where
D¯11 = D11 − D12C−122 C21 and C¯11 = C11 − C12C−122 C21 (2.120)
Note that, if the sub matrix C22 is time-variant, the sub matrix C¯11 becomes time-variant too. This
must be a point of attention in numerical calculation. It will be discussed in Section (2.9.2).
2.9 Stability analysis of rotor system
Stability analysis of a rotor is an essential point in dynamic analysis of the rotor. Here, the stability
of the solution of the homogenous linear equations of rotor motion will be conducted. In the
previous section, it has been mentioned that in the stationary case of an anisotropic rotor supported
by rigid bearings, the system matrices can be speed-dependent or time-dependent depending on
the reference frame of the system. In case of an anisotropic rotor supported by anisotropic flexible
bearings, a time-variant system is obtained independently of whether the rotor model is analyzed
in fixed or rotating reference frame. If the system matrices are speed-dependent, the stability
investigation can be performed by analyzing the eigenvalues at specific angular speeds directly.
As discussed in [25], the eigenvalues can be conjugate complex or real and characterize the natural
vibration. The imaginary part corresponds to the natural frequency and the real part gives the
stability of the natural vibration. The vibration decays with time if the real part is negative and
grows if the real part is positive.
In case of a time-variant system, some methods have been developed to solve this problem of
which the FLOQUET theory and HILL’s method are two that are widely used. However, in re-
ferences [3], [47], [48], [52] the researchers encountered problems with computational time es-
pecially when using FLOQUET theory. In this section, the FLOQUET theory will be discussed
theoretically. Because of the very fast development in computer technology, especially in the
processor speed and memory capacity, the problem of computational time is reduced straight-
forwardly. In order to determine the stability, a direct investigation is proposed by means of a
spectral map of the dynamic responses.
2.9.1 Stability analysis of speed-dependent system
As formulated in [9], the stability of the rotor system is considered based on the homogenous
linear equations of motion of the rotor
M q¨ + D q˙ + C q = 0 . (2.121)
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Therefore, the eigenvalue problem by using the characterictic determinant can be solved
det
(
λ2M + λD + C
)
= 0 (2.122)
The Equations (2.122) can be rearranged in state-space in order to reduce the differential equa-
tions to first-order[
D C
C 0
][
q˙
q
]
−
[
−M 0
0 C
][
q¨
q˙
]
=
[
0
0
]
(2.123)
For simplification in writting, the Equation (2.123) can be written as
A r− B r˙ = 0 (2.124)
or
(A− λB) r = 0 . (2.125)
By solving Equation (2.125), the eigenvalues and eigenvectors of the system can be calculated.
Usually, the eigenvectors are denoted by matrix R of right eigenvectors, where
R = (r1, r2, . . . , r2N) . (2.126)
Furthermore, because of non-symmetrical matrices A and B, transposing Equation (2.123) gives(
AT − χBT ) l = 0 . (2.127)
The eigenvalues and eigenvectors can be considered, where the eigenvectors are denoted by ma-
trix L of left eigenvectors
L = (l1, l2, . . . , l2N) . (2.128)
The eigenvalues of Equation (2.125) and (2.127) must be identical, where λi = χi. However,
both matrices of eigenvectors are not equal.
Let the modal vectors be specified as
r = R r˜ . (2.129)
By inserting Equation (2.129) into (2.125), then a premultiplication by transpose of the left eigen-
vectors, the uncoupled modal transformation of differential equations in (2.123) is obtained
LTAR r˜− LTBR ˙˜r = 0 , (2.130)
where
LTAR = diag (ai) where i = 1, ..., 2N (2.131)
and
LTBR = diag (bi) where i = 1, ..., 2N (2.132)
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In stability analysis, the solution of eigenvalues according to Equation (2.125) is already suffi-
cient. Usually, the eigenvalues are complex frequencies consisting of a real part (i.e. defined as
decay rate, where it decreases amplitude in time) and an imaginary part (i.e. natural frequencies).
An instability condition is involved if at least one of the real parts of the eigenvalues is positive
value. The imaginary parts of eigenvalues are speed-dependent and can be plotted in dependence
of the rotor speed. The plots of the imaginary parts of eigenvalues against the rotational speed of
the rotor is called generally as CAMPBELL diagram [12].
2.9.2 Stability analysis of time-variant system
As derived in Equation (2.112), the equations of motion of the rotor system supported by aniso-
tropic flexible bearings are time-variant matrices. While the mass matrix is constant, the damping
and stiffness matrices are periodic in time,
D(t) = D(t+ T ) and C(t) = C(t+ T ) (2.133)
where T is the period.
Stability investigation according to FLOQUET theory
Following [10], the FLOQUET theory is explained in some detail. The analysis is based on the
homogenous linear equations of motion of the rotor in Equation (2.112) and can be written as
M q¨ + D q˙ + C q = 0 . (2.134)
By using the state-vector r = (q˙ q)T , the Equation (2.134) can be regarded as the components of
2N-dimensional given by[
D C
I 0
][
q˙
q
]
−
[
−M 0
0 I
][
q¨
q˙
]
=
[
0
0
]
(2.135)
or [
q¨
q˙
]
=
[
−M−1D −M−1C
I 0
][
q˙
q
]
(2.136)
and rewritten in simple form
r˙ = A r , (2.137)
where the matrix A is the state-space matrix periodic with period T .
By introducing initial conditions q(0)=q0 and q˙(0)= q˙0 and fundamental matrix Ψ(t), the Equa-
tion (2.137) is solved as homogenous solution of linear differential equations by using numerical
integration from t = 0 to t = T . By taking the values after one period T of these homogenous
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solutions, the fundamental matrix Ψ(T ) can be obtained. If Ψ(T ) is denoted as transfer matrix
after one period T, thus
[
q˙
q
]
t=T
=
[
Ψ(T )
][ q˙0
q0
]
. (2.138)
By using superposition, the state-vector in the right part of the Equation (2.138) can be considered
as [
q˙
q
]
t=T
=
2N∑
n=1
an
[
q˙n
qn
]
t=T
, (2.139)
where an is the coefficient of the partial solution of Equation (2.138).
By considering the proportionality of the Equation (2.139), the following equation is obtained
[
q˙n
qn
]
t=T
= µn
[
q˙n
qn
]
t=0
. (2.140)
Further, the characteristic multiplier can be considered as
[Ψ(T )− µn I]
[
q˙n
qn
]
= 0 . (2.141)
The stabilities of the system can be determined by calculating the characteristic multiplier µn and
the following conditions
• stable, if |µn| < 1 for all n = 1, 2, 3, ..., 2N
• metastable, if |µn| = 1 for at least one eigenvalue and the others |µn| < 1
• unstable, if |µn| > 1 for at least one eigenvalue
Direct investigation by means of spectral map of the dynamic responses
Considering of the time-varying system after Equation (2.111) can be conducted numerically, if
all parameters in the equations are known. Since the matrix of bearing mass ML is zero, the
calculation is also possible by using the static condensation. Furthermore, the equations can
be solved by using fourth-order Runge-Kutta method. In computing q(tn), this method needs
only the solution at the immediatelly preceding time point q(tn−1) [40]. Therefore, the dynamic
responses q(t), especially the steady-state responses (i.e. the responses are assumed after a certain
time) can be analyzed in frequency domain for example by using fast fourier transform (FFT).
The responses are analyzed for all spin speeds and depicted in a spectral map.
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2.10 Case study: constant angular speed
In this section, an anisotropic rotor with two different support conditions will be simulated nume-
rically. The first condition is an anisotropic shaft with one rigid disk supported by rigid bearings
and the other is the same anisotropic rotor but supported by anisotropic flexible bearings. Each
type of the rotor will be analyzed at constant rotational speed. The stability of the rotor will be
depicted in spectral map, frequency response function (FRF) and a non-dimensional CAMPBELL
diagram.
2.10.1 Anisotropic rotor supported by rigid bearings
As depicted in Figure 2.11, the rotor shaft is modelled by two discrete elements which have
different orientations of the principal axes of the element cross sections. The rotor is simply
supported by two rigid bearings. In order to simplify the shaft anisotropy, a rectangular cross
section of the shaft is used. The anisotropies of all shaft elements are the same and are defined as
µW =
∣∣∣∣Iζ∗ − Iη∗Iζ∗ + Iη∗
∣∣∣∣ . (2.142)
In the numerical simulation, the coefficient µW of the element anisotropy is varied from 0 to 0.99.
The width b of the rectangular cross section is defined to be constant and the thickness h of the
cross section is formulated as
h = b
√
1− µW
1 + µW
. (2.143)
A rigid disk is also attached on the shaft at the distance ℓ1 from the left shaft end or ℓ2 from the
right shaft end. The disk is assumed to be a thin disk with a ratio between polar mass and axial
mass moment of inertia of 1.98 (i.e. disk radius = 0.06 m, disk thickness = 0.01 m). In the whole
system, the internal and external dampings are neglected.
In this section, the instability areas of several models of the anisotropic rotor with different shaft
orientations according to Figure 2.11 are investigated. Varying the element anisotropy from µW =
0 to 0.99 and for various differences ∆β = 0◦, 30◦, 45◦, 60◦ and 90◦ in the shaft orientations,
a stability chart is obtained through analysis of eigenvalues according to Equation (2.125) and
presented in Figure 2.12. Because the ∆β is defined as the difference of the orientation between
the left and the right shaft ends, all possible values of the difference in the shaft orientation for
the rotor models with two discrete shaft elements are between from 0◦ and 90◦.
Based on the rotor models as mentioned above, the matrices A and B as presented in Equation
(2.125) have the matrix size 8×8. Therefore, the solution of this equation gives eight complex
eigenvalues (i.e. four complex conjugate pairs of eigenvalues). If the rotor rotates at a frequency
in the stable area (e.g. rotational speed at Ω/ω1 atΩ=0< 1 for various coefficients of the element
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√
1−µW
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m = 1 kg , Θp/Θa = 1.98
ε = 1.4×10−4 m
E = 210 GPa
ℓ1 ℓ2
Figure 2.11: Anisotropic rotor with different shaft orientations supported by rigid bearings
anisotropy) then all eight eigenvalues are purely imaginary (i.e. the real parts of all eigenvalues
are zero). In this case, if the eigenvalues are sorted and then separated into positive and negative
imaginary values, they consist of four positive imaginary values which are termed forward whirl
speeds ω∗ and four negative imaginary values corresponding to backward whirl speeds ω¯∗. The
natural frequencies (ω1, ω2, ω3, ω4) are considered from the forward whirl speeds at rotational
speed Ω=0.
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Figure 2.12: Stability chart obtained through eigenvalues analysis of undamped anisotropic rotor
with sigle disk at various coefficients of the element anisotropy µW and the differences ∆β in the
shaft orientation
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If the rotor rotates at a frequency in the unstable area (e.g. for rotor with the coefficient of the
element anisotropy µW =0.3, the difference ∆β=30◦ in the shaft orientation and the rotational
speed at Ω/ω1 atΩ=0 = 1.2), the solution of Equation (2.125) gives two of eight eigenvalues in
which the values of the real parts are not zero. The other eigenvalues are purely imaginary. Similar
results are obtained for the other rotor models at various coefficients of the element anisotropy
and differences in the shaft orientation if the rotors rotate at frequencies in the unstable area in
Figure 2.12. Through the analysis of the real parts of the complex eigenvalues, the instability area
can be obtained. As discussed in [25], the vibration decays with time if the real part is negative
and grows if the real part is positive.
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Figure 2.13: Stability chart obtained through eigenvalues analyses of the undamped anisotropic
rotor with single disk and the difference ∆β = 30◦ of shaft orientation for various coefficients of
the element anisotropy µW
The areas of stability and instability of the rotor with different shaft orentations are depicted in
Figure 2.12 depending on the normalized rotational speed Ω/ω1 atΩ=0. The normalized rotational
speed of the rotor is defined as the ratio between rotational speed and the lowest natural frequency
(ω1) of the rotor at rest. Generally, the instability areas occur above the first natural frequency of
the rotor with various ranges depending on the anisotropy and the difference in the shaft orien-
tation. The shaft anisotropy influences the range of instabilities. The more anisotropic the shaft,
the wider is the instabilty range. Comparing the anisotropic rotor with different shaft orientations
(∆β 6= 0) to the case of a purely anisotropic rotor (∆β = 0), the unstable area of the purely an-
isotropic rotor is the widest. It means, the different shaft orientations contribute to the reduction
of interval rotor instability. The bigger the difference ∆β in the shaft orientation, the narrower is
the range of the unstable area. For the special case ∆β = 90◦, the unstable area is located only at
the first natural frequency of the rotor. It means, the shaft characteristic becomes a ”quasi-round
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shaft”.
In the following, a specific case of the simulated rotors above is analyzed in more detail. In
Figure 2.13, the anisotropic rotor with ∆β=30◦ and µW =0.3 has a range of instability of about
1.0002ω1 at Ω=0 and 1.3051ω1 at Ω=0, while the second natural frequency ω2 is 1.3043ω1. Hence,
the instability interval is shifted slightly towards higher frequencies. In first appoximation, the
stability interval is still in the range between the first and the second natural frequency of the
rotor. Comparing the instability area of the anisotropic rotor at various shaft orientations to the
instability area of the purely anisotropic rotor (∆β = 0◦) in Figure 2.12, the lower and upper
boundaries of the instability area of the purely anisotropic rotor coincide exactly with the first
and the second natural frequencies of the rotor. As mentioned in Section 2.1, the anisotropic rotor
with different shaft orientations is discretized by two shaft elements only. All elements have the
same cross-sectional moment of inertia. The disk is attached symmetrically on the shaft (ℓ1=ℓ2).
Because of different orientation between the shaft elements, the angle position of the disk will
not be equal to zero. Therefore, the effect of gyroscopic moments is no longer negligible. In this
case, the occurence of the gyroscopic moments in the rotor is shown by shifting of the instability
area to higher frequencies.
The system stability can also be depicted in a spectral map as shown in Figure 2.14a. The graphs
are obtained by using the fast fourier transform (FFT) of the dynamic responses of the system
which are analyzed at constant angular speed. In the figure, the dynamic responses at Ω and 2Ω
can be shown clearly. It is well known that the main cause of dynamic responses at Ω comes from
the unbalance mass of the system and at 2Ω from the anisotropy of the shaft. By projecting the
spectral map along the ω/ω1 at Ω=0-axis, the frequency plot in Figure 2.14b is obtained.
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Figure 2.14: (a) Spectral map and (b) dynamic responses of the undamped anisotropic rotor with
single disk in frequency domain. The responses of the rotor are analyzed in fixed reference frame
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While the spectral map can depict the dynamic responses of the rotor in the frequency domain
including the amplitude of the responses, the CAMPBELL diagram shows the speed dependency
of the natural frequency, see Figure 2.15a. In this figure, only three of the eight whirl speeds (i.e.
four forward and four backward whirl speeds) are plotted. This diagram is obtained by solving the
characteristic roots of the homogenous differential equations of the rotor system at each constant
angular speed. Based on the Equation (2.125), the general solution of the eigenvalues can be
written as
λ = σ + iω∗ , (2.144)
where σ is the real part of the eigenvalues and ω∗ is the whirl speed of the rotor which is analyzed
in rotating reference frame. As mentioned above, the positive and negative whirl speeds are
termed forward and backward whirl speeds, respectively. In order to simplify distinguishing
these whirl speeds, the forward and backward whirl speed are denoted as ω∗ and ω¯∗, respectively.
These whirl speeds do not coincide with the whirl speeds ω of the rotor which is analyzed in fixed
reference frame are linked by the following relationship
ω∗ = ω − Ω . (2.145)
In Figure 2.15a, the forward whirl speeds ω′ have been normalized due to the first natural fre-
quency of the rotor at rest, where
ω′ =
ω∗ + Ω
ω1 at Ω=0
=
ℑ(λ) + Ω
ω1 at Ω=0
. (2.146)
The backward whirl speed is normalized accordingly and denoted as ω¯′.
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Figure 2.15: (a) Non-dimensional CAMPBELL diagram of the undamped anisotropic rotor with
single disk (shown only three of eight whirl speeds of the rotor) and (b) decay rate plot
Using the CAMPBELL diagram as presented in Figure 2.15a, the change in critical speeds of the
rotating rotor, the forward whirl ω′ and backward whirl speed ω¯′ can be identified. In case of
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the rotating rotor at frequency about 1.0 - 1.3, the first whirl speeds ω′1 and ω¯′1 are the same and
coincide with the Ω-line. It means, the values of the whirl speeds (ω∗) in the range of instability
area according to Equation (2.145) are zero. Besides, this instability interval is shown in Figure
2.15b. In this figure, the real parts of the eight eigenvalues are plotted as the decay rate plot
of the rotating rotor. In the range of the instability area (i.e. rotating rotor at frequency about
1.0 - 1.3), two of the eight eigenvalues have a non-zero real part. These real parts have positive
and negative values. However, in the stable interval all of the eight eigenvalues possess purely
imaginary values only.
In case of an anisotropic rotor with the weight critical phenomenon, a vibration with a frequency
2Ω will occur in the rotor. This case is depicted in Figure 2.15a and denoted as 2Ω-line. This
line crosses one (or more) curve of whirl speeds. In the intersection point P , the system is not
unstable, although the amplitude is relatively higher, because according to Figure 2.15b the decay
rate at this rotational speed does not have a positive real part.
Comparison of different anisotropic rotors
Four cases of anisotropic rotors are discussed in this section. First, the simulation of a purely
anisotropic rotor (∆β = 0◦) supported by rigid bearings is performed. A disk is attached in
the centre of the shaft. Similar to the investigation above, the model is analyzed to obtain the
characteristics of stability through eigenvalue analyses of anisotropic rotor without gyroscopic
moments acting on the system. In the other models, the effects of gyroscopic moments are taken
into account. These effects are also distinguished into two types. In the first type, the disk is not
attached in the centre of the shaft and the gyroscopic moments come only from the asymmetry of
the rotor. This is simulated in Model 2. In the second type, the gyroscopic moments come only
from the difference in the shaft orientation as simulated in Model 3. Finally, both sources of the
gyroscopic moments from the asymmetry of the rotor and the difference in the shaft orientation
are taken into account in Model 4. The parameters of the four rotor cases are listed in Table 2.1.
Table 2.1: Parameter of rotor cases
Model ℓ1 [m] ℓ2 [m] β1 [◦] β2 [◦] Chart
1 0.25 0.25 0 0 Figure 2.16a
2 0.10 0.40 0 0 Figure 2.16b
3 0.25 0.25 0 30 Figure 2.16c
4 0.10 0.40 0 30 Figure 2.16d
The results of the stability investigations are depicted in Figure 2.16. The figures show the stabi-
lity charts which are obtained through eigenvalue analyses for the four rotor models with variation
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of the element anisotropy and the difference in the shaft orientation. The shape of the stability
areas of all rotor cases are similar. The shaft anisotropy influences the interval of instability. The
more anisotropic the rotor, the wider is the instability range. For further analysis, each chart is
investigated at the element anisotropies µW =0.2, 0.3, 0.5. The results are listed in Tables 2.2 -
2.4.
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Figure 2.16: Comparison of stability charts of undamped anisotropic rotor cases with single disk:
(a) Model 1, (b) Model 2, (c) Model 3 and (d) Model 4. The natural frequencies of the rotor are
obtained at rotational speed Ω = 0 (shown only two of four natural frequencies)
In case of the purely anisotropic rotor, the instability area as depicted in Figure 2.16a lies exactly
in the range between the first and the second natural frequency of the anisotropic rotor. The
coefficient of the element anisotropy is varied between µW = 0 and 0.99. At each coefficient of
the element anisotropy, the first and the second natural frequencies are considered as the forward
whirl speeds at rotational speed Ω= 0. These natural frequencies have been normalized by the
first natural frequency. Because of purely anisotropic along the rotor shaft, the first and second
natural frequencies of the rotor correspond to the mode of U-form of the shaft bending in each
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direction of shaft cross-section. At the third and the fourth natural frequencies the rotor modes
have S-form of the shaft bending and no instability exists. The instability area depicted in Figure
2.16a is equivalent to the case of a purely anisotropic rotor investigated in [11] or [48].
Table 2.2: Rotor Cases with Anisotropy of Element, µW = 0.2
ω1 ω2 Lower boundary Upper boundary Width Movement Movement
Model [rad/s] [rad/s] of unstable of unstable [rad/s] due to ω1 due to ω2
area [rad/s] area [rad/s] [%] [%]
1 122.40 149.91 122.40 149.91 27.51 0.00 0.00
2 185.86 227.63 196.76 240.97 44.21 5.86 5.86
3 123.79 147.45 123.80 147.48 23.68 0.01 0.02
4 187.00 225.54 198.32 238.24 39.92 6.05 5.63
Table 2.3: Rotor Cases with Anisotropy of Element, µW = 0.3
ω1 ω2 Lower boundary Upper boundary Width Movement Movement
Model [rad/s] [rad/s] of unstable of unstable [rad/s] due to ω1 due to ω2
area [rad/s] area [rad/s] [%] [%]
1 104.29 142.12 104.29 142.12 37.83 0.00 0.00
2 158.35 215.79 167.64 228.44 60.80 5.87 5.86
3 105.93 138.16 105.95 138.25 32.30 0.02 0.07
4 159.70 212.40 169.50 224.09 54.59 6.14 5.50
Table 2.4: Rotor Cases with Anisotropy of Element, µW = 0.5
ω1 ω2 Lower boundary Upper boundary Width Movement Movement
Model [rad/s] [rad/s] of unstable of unstable [rad/s] due to ω1 due to ω2
area [rad/s] area [rad/s] [%] [%]
1 72.78 126.06 72.78 126.06 53.28 0.00 0.00
2 110.51 191.41 117.00 202.63 85.63 5.87 5.86
3 74.44 118.19 74.48 118.56 44.08 0.05 0.31
4 111.87 184.45 118.90 194.16 75.26 6.28 5.26
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In Figure 2.16b, the instability area of the Model 2 is presented. In this model, the position of
the disk is asymmetric on the shaft and the rotor is purely anisotropic. Therefore, the significant
gyroscopic moments will occur in the system. The increase of gyroscopic moments cause the
stiffness of the rotor stiffer and the instability range is wider. Comparing the lower and upper
boundaries of the instability area to the first and the second natural frequencies as listed in Tables
2.2 - 2.4, these boundaries are shifted about 5.86% to higher frequencies.
In Model 3, the anisotropic rotor with a thin disk attached symmetrically (ℓ1 = ℓ2 = 0.25 m)
on the shaft has different shaft orientations (β1 = 0◦ and β2 = 30◦) according to Figure 2.11
and the instability area of the model is plotted in Figure 2.16c. In this case, the inclination of
the disk will not be equal to zero. Therefore, the gyroscopic moments still occur in the system,
although they are negligible especially for lower values of µW . Based on the Tables 2.2 - 2.4,
it is observed that the higher the coefficient of the element anisotropy of the shaft, the higher
is the shift of the instability area to higher frequencies due to the first and the second natural
frequencies. Nevertheless, the difference in the shaft orientation affects the reduction of the
interval of the instability range.
The case of an anisotropic rotor with the disk located asymmetrically on the shaft (ℓ1 6= ℓ2)
together with the difference ∆β = 30◦ in the shaft orientation is described in Model 4. The
instability area of this model is presented in Figure 2.16d. The parameters of the asymmetry
position of the disk and the difference in the shaft orientation show the same effect in shifting
the instability area to higher frequencies but a contrary effect in reduction the width of instability
according to the Tables 2.2 - 2.4. While the asymmetric rotor increases, the difference in the shaft
orientation decreases the width of instability.
2.10.2 Anisotropic rotor supported by anisotropic flexible bearings
In this section, a model of an anisotropic rotor supported by anisotropic flexible bearings is pre-
sented. A sketch of the anisotropic rotor model is shown in Figure 2.17. The following assump-
tions are made: the rotor is modelled as a massless shaft and a thin rigid disk is attached in the
centre of the shaft (ℓ1 = ℓ2 = 0.25 m and Θp/Θa = 1.98). In order to simplify the differential
equations of the rotor, the shaft is discretized by two discrete elements. Each element has the
same dimension (i.e. length and rectangular cross section) but has different shaft orientations.
The difference in the shaft orientation is set to ∆β. Because of similarity of the resulting stability
charts, only the anisotropic rotor with ∆β=30◦ will be presented here. The present rotor model
is equivalent to the Model 3 in Section 2.10.1 except the supporting conditions.
In the numerical simulation, the coefficient of the element anisotropy µW is varied from 0 to 0.8.
The width b of the rectangular cross section is defined to be constant and the thickness h of the
cross section is formulated as described in Equation (2.143).
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The anisotropy in the bearing stiffness is considered by using the following formulations
µL1 =
∣∣∣∣c1z − c1yc1z + c1y
∣∣∣∣ and µL2 =
∣∣∣∣c2z − c2yc2z + c2y
∣∣∣∣ , (2.147)
where c1z and c1y are the stiffness parameters of the bearings on the left shaft end in z-direction
and y-direction, respectively, and c2z and c2y on the right shaft end. The bearing stiffness in the
z-direction are c1z = c2z = 13 763 N/m. In this section, the anisotropic rotor with two different
anisotropies of the bearing stiffness with µL1 = µL2 = µL = 0.3 (i.e. c1y = c2y = 7411 N/m) and
0.6 (i.e. c1y=c2y=3441 N/m) is simulated.
Because the equations of motion of the rotor system are time-variant, the FLOQUET theory is
applied to obtain the stability charts as depicted in Figure 2.18. In the figures, the instability areas
are shaded as grey area. Due to numerical restriction, narrow instability tongues between Ω/ω=2
and 3 cannot be resolved.
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Figure 2.17: Anisotropic rotor with different shaft orientation supported by anisotropic flexible
bearings
The stability chart of the anisotropic rotor supported by anisotropic flexible bearings as presented
in Figure 2.18 is compared to the rotor which has the same parameters but is supported by rigid
bearings in Figure 2.16c. While the stability chart of the rotor supported by rigid bearings has only
a single region of instability in the whole varying coefficients of the element anisotropy, the rotor
in flexible bearings has three separated intervals of instabilities at lower values of the element
anisotropy. The anisotropy coefficient of the bearing stiffness affects the region where the three
separated
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Figure 2.18: Stability charts according to FLOQUET of various coefficients of anisotropy (µW =0
to 0.8) of the undamped anisotropic rotor with single disk and the difference ∆β=0◦ in the shaft
orientation supported by anisotropic flexible bearings with (a) µL = 0.3 and (b) µL = 0.6.
The dynamic responses in frequency domain of the rotor for anisotropy µW = 0.5 supported by
anisotropic flexible bearings with the coefficient (c) µL = 0.3 and (d) µL = 0.6 and for anisotropy
µW = 0.2 with (e) µL = 0.3 and (f) µL = 0.6
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instability intervals emerge to a single interval at higher element anisotropy of the shaft. The
higher the anisotropy coefficient of the bearing stiffness, the three separated regions of instabil-
ities reach to a higher element anisotropy of the shaft. For the anisotropic rotor with the an-
isotropic coefficient of the bearing stiffness µL1 = µL2 = µL = 0.3, the three separated regions
of instability reach to the element anisotropy µW < 0.32 of the shaft. For the same rotor with
µL1 =µL2 =µL=0.6 reachs to µW <0.56.
For reference, the first and the second natural frequencies of the rotor-bearing system are also
plotted in Figure 2.18a and b. In this case, the natural frequencies of the system are obtained by
solving the characteristic roots of the homogenous differential equations of motion of the rotor
according to Equation (2.111) after static condensation at rotational speed Ω=0 and time t=0.
At this condition, the first and the second natural frequencies of the system differ. Therefore, this
system is unstable at rotational speed in these natural frequencies. Similar to [11], the second
region of the instability at vanishing shaft anisotropy µW =0 is located at (ω1+ω2)/2.
Furthermore, the comparison of dynamic responses in the frequency domain are plotted in Figures
2.18c, d, e and f. The figures show the responses in frequency domain of the rotor for each
coefficient of the element anisotropy µW = 0.2 and 0.5 and supported by anisotropic flexible
bearings with the coefficient µL1 = µL2 = µL = 0.3 (Figure 2.18c and e) and with µL1 = µL2 =
µL = 0.6 (Figure 2.18d and f). It is clear that the instability areas occur if the amplitudes of
responses are very high either in z-direction or in y-direction. However, although the amplitudes
of the weight critical speed (i.e. at normalized rotational speed about 0.5 - 0.7) are relatively high,
but they are not defined as unstable areas in the FLOQUET stability charts.
2.11 Case study: acceleration through critical speeds
Several investigations have been published that study the characteristics of a rotor which runs
through its critical speeds. However, most of these investigations dealt with the purely anisotropic
rotors only, as outlined in Section 1. In the present work, the anisotropic rotors are presented with
and without difference (∆β) in the shaft orientation , which run through the range of the critical
speeds. The first model is a rectangular rotor as defined by the Model 1 in Section 2.10.1. The
coefficient of the element anisotropy is varied as µW = 0, 0.2, 0.3 and 0.5. The internal and
external dampings are set to Di = 0.001 and Da = 0.02, respectively. Other parameters are
(ε/κ)2=10−5, where ε is the eccentricity of disk and κ is the gyration radius of the disk defined
as
κ =
√
Θp
m
. (2.148)
By introducing a constant angular acceleration in the models, the result as depicted in Figure 2.19
is obtained. The figure shows the dynamic responses and the increase in angular speed of the rotor
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Figure 2.19: Dynamic responses of the damped purely anisotropic rotor (Da=0.02, Di=0.001
and ∆β = 0◦) with single disk and various anisotropy coefficients µW of the shaft accelerated
through the range of the critical speeds
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Figure 2.20: Dynamic responses of the damped anisotropic rotor with single disk and µW =0.3
for various differences ∆β=0◦, 30◦, 45◦ and 60◦ in the shaft orientations accelerated through the
range of the critical speeds
through the first range of the critical speeds at different values of the element anisotropy µW . By
using the same value of the acceleration (a=0.02ω21 at Ω=0≈ 551 rad/s2), the increase in angular
speed is linear and the reached maximum amplitudes depend on the element anisotropy µW in
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the rotor. The higher the element anisotropy coefficient in the rotor, the higher is the reached
maximum amplitude.
Furthermore, the anisotropic rotor with the shaft anisotropy µW = 0.3 is simulated at various
differences ∆β = 0◦, 30◦, 45◦ and 60◦ in the shaft orientations, see Figure 2.20. The bigger the
difference in the shaft orientation, the lower is the maximum amplitude. In the previous section,
it is well known that the different orientations of the shaft influence the interval of instability. The
bigger the difference in the shaft orientation, the narrower is the range of instability. It means, the
different shaft orientations do not only lead to a narrower range of instability but also to a lower
level of instability.
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Chapter 3
Anisotropic shaft with multiple disks and
different shaft orientation
In this chapter, an anisotropic rotor with different shaft orientations which has Nd rigid disks
is analyzed. Starting with a general rotor model, the differential equations of the rotor will be
developed. Several examples of anisotropic rotor models will be presented. A special case of
a twisted anisotropic shaft with two disks is also investigated. The stability charts for all rotor
models are ilustrated.
3.1 Rotor model
As shown in Figure 3.1, a general rotor model which has many disks along the shaft is supported
by two anisotropic flexible bearings at the ends of the shaft. The points L1 and L2 between shaft
and bearings define the position of the left and the right bearing, respectively. A number of Nd
rigid disks is attached on the rotor and the shaft is discretized into (Ne=Nd+1) elements. The
joint point between two shaft elements is denoted as a node. A disk can be attached only in a
node. Because each rigid disk in the rotor has four degrees of freedom, a rotor system supported
by anisotropic flexible bearings has (N = 4Nd+4) degrees of freedom, whereas a rotor system
supported by rigid bearings has (N = 4Nd) degrees of freedom only. For the case of a rotor
supported by rigid bearings, the motions in the bearings are assumed to be zero or the bearing
stiffnesses are assumed to be infinite.
In order to simplify the structure of the equations of motion in matrix notation, the numbering
of nodes is started from the first disk in the left position. It is possible that the first disk is num-
bered with an arbitrary number but this makes the structure of matrix unnecessarily complicated.
Each node has four degrees of freedom. At a shaft node, the positive sign rule is used in num-
bering the forces and the displacements. The first step is to number the displacement and force
in translational direction in ζ-axis and then in η-axis. The next step is to number the rotational
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displacement and moment in ζ-axis and then in η-axis. Further, because the flexible bearing is
assumed to consist of a linear spring and damper (i.e. massless bearing), only two translational
directions are defined in each bearing. Therefore, there are four degrees of freedom in total for
the left and the right bearings. Generally, the numbering rule corresponds to Chapter 2. Note that,
the rotor is modelled in the rotating reference frame denoted by the (x, η, ζ)-coordinate system.
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Figure 3.1: Model of multiple disks rotor with different shaft orientations
As discussed in Section 2.7, if the number of disks is less than the number of nodes then there are
several dummy disks which have zero masses in the model. In order to eliminate the singularity
of the diagonal of mass matrix, the method of static condensation is used (see Section 2.8).
3.2 Dynamic parameters of anisotropic rotor supported by ri-
gid bearings
The same procedures with the assembly of differential equations of anisotropic rotor as in Sec-
tion 2 are applied. All dynamic parameters of the anisotropic rotor model with multiple disks are
considered. The concept of flexibility influence coefficients is developed based on the model in
Figure 3.1. Because the support conditions, i.e. rigid or flexible bearings, influence the differen-
tial equations of the rotor (speed-dependent or time-variant), the assembly of the system matrices
are distinguished into these two types of support conditions.
3.2.1 Flexibility matrix of shaft
In order to consider the stiffness matrix of a shaft, especially for a rotor with many degrees of
freedom and different orientation in each element, the same formulation developed in Section
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(2.5.1) for the rotor with two elements is used.
Let indices k and n be defined as the number of shaft elements and nodes, respectively.
For i=4n−3, 4n and j=4n−3, 4n with n=1, 2, ..., Nd
hij =
Ne∑
k=1
∫
(ℓk)
Ikζ
E
(
IkηIkζ − I2kηζ
)Mˆikη(x) Mˆjkη(x) dx . (3.1)
For i=4n−2, 4n−1 and j=4n−2, 4n−1 with n=1, 2, ..., Nd
hij =
Ne∑
k=1
∫
(ℓk)
Ikη
E
(
IkηIkζ − I2kηζ
)Mˆikζ(x) Mˆjkζ(x) dx . (3.2)
For i=4n−3, 4n and j=4n−2, 4n−1 with n=1, 2, ..., Nd
hij =
Ne∑
k=1
∫
(ℓk)
−Ikηζ
E
(
IkηIkζ − I2kηζ
)Mˆikη(x) Mˆjkζ(x) dx . (3.3)
The components hij which are termed as flexibility influence coefficients can be arranged in a
matrix with the size 4Nd×4Nd as
H =


h11 h12 · · · h1(4Nd)
h22 · · · h2(4Nd)
symm
.
.
.
.
.
.
h(4Nd)(4Nd)

 . (3.4)
Furthermore, by inverting the flexibility matrix in Equation (3.4), the stiffness matrix of the shaft
can be obtained
CW = H−1 . (3.5)
Shaft bending forces in rotating reference frame can be determined based on the stiffness matrix
in Equation (3.5). In formulation, these forces are written in negative sign, hence


fc1
fc2
.
.
.
fc(4Nd)

 = −


c11 c12 · · · c1(4Nd)
c22 · · · c2(4Nd)
symm
.
.
.
.
.
.
c(4Nd)(4Nd)




q1
q2
.
.
.
q(4Nd)

 (3.6)
or rewritten in simple form
f c = −CW qW . (3.7)
52 Chapter 3. Anisotropic shaft with multiple disks and different shaft orientation
3.2.2 Damping matrix of shaft
As presented in Section 2.5.2, the damping of rotor is separated into internal and external dam-
pings. Since the stiffness matrix of the shaft is obtained in Equation (3.5), the internal damping
matrix can be considered according to Equation (2.56). Therefore, the internal damping matrix
for the anisotropic rotor with multiple disks can be written in matrix notation as
Di =


d11 d12 · · · d1(4Nd)
d22 · · · d2(4Nd)
symm
.
.
.
.
.
.
d(4Nd)(4Nd)

 . (3.8)
Further, the internal damping forces that act on the shaft can be defined as a multiplication of the
internal damping matrix and the vector of velocity. Because these forces are reaction damping
forces, they are denoted by a negative sign, hence

fi1
fi2
.
.
.
fi(4Nd)

 = −


d11 d12 · · · d1(4Nd)
d22 · · · d2(4Nd)
symm
.
.
.
.
.
.
d(4Nd)(4Nd)




q˙1
q˙2
.
.
.
q˙(4Nd)

 (3.9)
or rewritten in simple form
f i = −Di q˙W . (3.10)
Furthermore, the external damping matrix with the size 4Nd×4Nd can be obtained according to
Equation (2.67). If the coefficients in the Equation (2.67) are denoted as
faN1 = −DaN1 q˙N1 − CaN1 qN1 + paN1 (3.11)
then the external damping forces for anisotropic rotor with multiple disks can be written as follows


faN1
faN2
.
.
.
f aNd

 = −


DaN1
DaN2
.
.
.
DaNd




q˙N1
q˙N2
.
.
.
q˙Nd

−


CaN1
CaN2
.
.
.
CaNd




qN1
qN2
.
.
.
qNd

+


paN1
paN2
.
.
.
paNd

 .
(3.12)
Now, the Equation (3.12) can be rewritten in simple form as
fa = −Da q˙W − Ca qW + pa . (3.13)
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3.2.3 Differential equations of translatory inertia
Because the mass matrix in the rotor system is uncoupled, the differential equations of translatory
inertia can be arranged analoque to the arranging of external damping forces as mentioned in
Equation (3.12). If the Equation (2.72) is denoted as
MTN1 q¨N1 + DTN1 q˙N1 + CTN1 qN1 − pTN1 = fTN1 (3.14)
then the differential equations for rotor with Nd disks on the shaft can be written in simple form
as
MT q¨ + DT q˙ + CT q− pT = fT , (3.15)
where


MTN1
MTN2
.
.
.
MTNd




q¨N1
q¨N2
.
.
.
q¨Nd

+


DTN1
DTN2
.
.
.
DTNd




q˙N1
q˙N2
.
.
.
q˙Nd


+


CTN1
CTN2
.
.
.
CTNd




qN1
qN2
.
.
.
qNd

−


pTN1
pTN2
.
.
.
pTNd

 =


fTN1
fTN2
.
.
.
fTNd

 . (3.16)
Note that, the gravitational forces as derived in Equation (2.69) and (2.70) should be taken into
account as part of fTN1 in Equation (3.14). For rotor with Nd disk, these gravitational forces can
be written in matrix notation as
pg =


pgN1
pgN2
.
.
.
pgNd

 . (3.17)
3.2.4 Differential equations of rotary inertia
Similar to Section 3.2.3, the differential equations of rotary inertia based on the Equation (2.76)
can be arranged as follows
MGN1 q¨N1 + DGN1 q˙N1 + CGN1 qN1 = fGN1 . (3.18)
Furthermore, the differential equations for rotor with Nd disks on the shaft can be written in
matrix notation as
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

MGN1
MGN2
.
.
.
MGNd




q¨N1
q¨N2
.
.
.
q¨Nd

+


DGN1
DGN2
.
.
.
DGNd




q˙N1
q˙N2
.
.
.
q˙Nd


+


CGN1
CGN2
.
.
.
CGNd




qN1
qN2
.
.
.
qNd

 =


fGN1
fGN2
.
.
.
fGNd

 (3.19)
or rewritten in simple form
MG q¨W + DG q˙W + CG qW − fG = 0 . (3.20)
3.2.5 Differential equations of rotor motion
Based on the Equations (3.7), (3.10), (3.13), (3.15) and (3.20 the whole differential equations of
rotor motion can be summarized to
(MT + MG) q¨W + (DT + DG + Da + Di) q˙W + (CT + CG + Ca + CW ) qW
= pT + pa + pg . (3.21)
Torsion due to reaction forces in bearings
According to the reaction forces in the bearings in the Equations (3.6) and (3.9), the torsion Tǫ
in the centre of gravitation Sn of each disk is generated by the acting forces in the centre of each
shaft Wn, hence
Tǫ =
Nd∑
n=1
−ǫn ( sinφn ~eη + cosφn ~eζ )
×
[(
fi(4n−2) + fc(4n−2)
)
~eη +
(
fi(4n−3) + fc(4n−3)
)
~eζ
]
. (3.22)
Furthermore, because the reaction forces of bending shaft do not act in the direction of shaft
bending, the torque Ts will be brought forward from the shaft to the disks, thus
Ts = −
Nd∑
n=1
(q4n−2 ~eη + q4n−3 ~eζ)
×
[(
fi(4n−2) + fc(4n−2)
)
~eη +
(
fi(4n−3) + fc(4n−3)
)
~eζ
]
. (3.23)
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Applying the driving torque Ta, Tǫ and Ts into the dynamic equation in rotational x-direction, the
differential equations of motion of the rotor with polar moments of inertia can be determined to
−
Nd∑
n=1
Θpnϕ¨ ~ex = −Tǫ − Ts − Ta . (3.24)
3.3 Dynamic parameters of anisotropic rotor supported by an-
isotropic flexible bearings
3.3.1 Flexibility matrix of shaft
Similar to the case in Section 3.2 and based on the equations in Section 2.6.1, the shaft bending
forces in rotating reference frame for a general anisotropic rotor supported by anisotropic flexible
bearings can be determined as follows

fc1
fc2
.
.
.
fc(4Nd)

 = −


c11 c12 · · · c1(4Nd
c22 · · · c2(4Nd)
symm
.
.
.
.
.
.
c(4Nd)(4Nd)




q1 − q1L
q2 − q2L
.
.
.
q(4Nd) − q(4Nd)L

 (3.25)
Based on the Equations (2.82)-(2.85), the kinematic relationships in rotating reference frame
for translational and rotational displacements and velocities of the bearings for the case of an
anisotropic rotor with multiple disks can be obtained as follows:
for n=1, 2, . . ., Nd
q(4n−3)L =
1
ℓ
Ne∑
k=n+1
ℓk q(4Nd+1) +
1
ℓ
n∑
k=1
ℓk q(4Nd+3) (3.26)
q(4n−2)L =
1
ℓ
Ne∑
k=n+1
ℓk q(4Nd+2) +
1
ℓ
n∑
k=1
ℓk q(4Nd+4) (3.27)
q(4n−1)L =
1
ℓ
[q4Nd+1 − q4Nd+3] (3.28)
q(4n)L =
1
ℓ
[q4Nd+2 − q4Nd+4] . (3.29)
The translational and rotational velocity of the bearings are obtained by derivation of the Equa-
tions (3.26) - (3.29) with time, hence
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for n=1, 2, . . ., Nd
q˙(4n−3)L =
1
ℓ
Ne∑
k=n+1
ℓk q˙(4Nd+1) +
1
ℓ
n∑
k=1
ℓk q˙(4Nd+3) (3.30)
q˙(4n−2)L =
1
ℓ
Ne∑
k=n+1
ℓk q˙(4Nd+2) +
1
ℓ
n∑
k=1
ℓk q˙(4Nd+4) (3.31)
q˙(4n−1)L =
1
ℓ
[q˙4Nd+1 − q˙4Nd+3] (3.32)
q˙(4n)L =
1
ℓ
[q˙4Nd+2 − q˙4Nd+4] . (3.33)
Furthermore, the Equation (3.25) can be written as


fc1
fc2
.
.
.
fc(4Nd)

 = −


c11 c12 · · · c1(4Nd)
c22 · · · c2(4Nd)
symm
.
.
.
.
.
.
c(4Nd)(4Nd)




q1
q2
.
.
.
q(4Nd)


+


c1 (4Nd+1) c1 (4Nd+2) c1 (4Nd+3) c1 (4Nd+4)
c2 (4Nd+1) c2 (4Nd+2) c2 (4Nd+3) c2 (4Nd+4)
.
.
.
.
.
.
.
.
.
.
.
.
c(4Nd)(4Nd+1) c(4Nd)(4Nd+2) c(4Nd)(4Nd+3) c(4Nd)(4Nd+4)




q(4Nd+1)
q(4Nd+2)
q(4Nd+3)
q(4Nd+4)

 , (3.34)
where for j=1, 2, . . . , 4Nd
c(j)(4Nd+1) =
1
ℓ
Nd∑
n=1
[
c(j)(4n) +
Ne∑
k=n+1
(
ℓk c(j)(4n−3)
)]
c(j)(4Nd+2) =
1
ℓ
Nd∑
n=1
[
−c(j)(4n−1) +
Ne∑
k=n+1
(
ℓk c(j)(4n−2)
)]
c(j)(4Nd+3) =
1
ℓ
Nd∑
n=1
[
−c(j)(4n) +
n∑
k=1
(
ℓk c(j)(4n−3)
)]
c(j)(4Nd+4) =
1
ℓ
Nd∑
n=1
[
c(j)(4n−1) +
n∑
k=1
(
ℓk c(j)(4n−2)
)]
. (3.35)
In simple form the Equation (3.34) can be written as
f c = −CW qW + CWL qL . (3.36)
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3.3.2 Damping matrix of shaft
Similar to the formulation of the shaft bending forces in Section 3.3.1, the internal damping forces
of the shaft in rotating reference frame can be formulated as

fi1
fi2
.
.
.
fi(4Nd)

 = −


d11 d12 · · · d1(4Nd)
d22 · · · d2(4Nd)
symm
.
.
.
.
.
.
d(4Nd)(4Nd)




q˙1 − q˙1L
q˙2 − q˙2L
.
.
.
q˙(4Nd) − q˙(4Nd)L

 . (3.37)
Furthermore, the Equation (3.37) can be rearranged to become


fi1
fi2
.
.
.
fi(4Nd)

 = −


d11 d12 · · · d1(4Nd)
d22 · · · d2(4Nd)
symm
.
.
.
.
.
.
d(4Nd)(4Nd)




q˙1
q˙2
.
.
.
q˙(4Nd)


+


d(1)(4Nd+1) d(1)(4Nd+2) d(1)(4Nd+3) d(1)(4Nd+4)
d(2)(4Nd+1) d(2)(4Nd+2) d(2)(4Nd+3) d(2)(4Nd+4)
.
.
.
.
.
.
.
.
.
.
.
.
d(4Nd)(4Nd+1) d(4Nd)(4Nd+2) d(4N)(4Nd+3) d(4Nd)(4Nd+4)




q˙(4Nd+1)
q˙(4Nd+2)
q˙(4Nd+3)
q˙(4Nd+4)

 , (3.38)
where for j=1, 2, . . . , 4Nd
d(j)(4Nd+1) =
1
ℓ
Nd∑
n=1
[
d(j)(4n) +
Ne∑
k=n+1
(
ℓk d(j)(4n−3)
)]
d(j)(4Nd+2) =
1
ℓ
Nd∑
n=1
[
−d(j)(4n−1) +
Ne∑
k=n+1
(
ℓk d(j)(4n−2)
)]
d(j)(4Nd+3) =
1
ℓ
Nd∑
n=1
[
−d(j)(4n) +
n∑
k=1
(
ℓk d(j)(4n−3)
)]
d(j)(4Nd+4) =
1
ℓ
Nd∑
n=1
[
d(j)(4n−1) +
n∑
k=1
(
ℓk d(j)(4n−2)
)] (3.39)
or in simple form the Equation (3.38) can be written as
f i = −Di q˙W + DiL qL . (3.40)
Because the external damping forces are formulated by proportional damping corresponding to
the absolute velocity of disk, there is no difference between the formulation of the anisotropic ro-
tor supported by anisotropic flexible bearings and the anisotropic rotor supported by rigid bearings
as derived in Equation (3.12).
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3.3.3 Reaction forces at the shaft ends
The reaction forces at the shaft ends for anisotropic rotor with one disk have been considered
in Section 2.6.1. In order to derive the reaction forces for a rotor with multiple disks, the same
way as the formulation in Equations (2.94)-(2.98) can be used, because the bearing models of the
rotor with one disk in Section 2.6.1 and the rotor with multiple disks are the same. In both rotors,
the anisotropic bearings in the whole system have four degrees of freedom (i.e. two degrees of
freedom at each shaft end). Therefore, the Equation (2.99) can be used again.
fLW = DTiL q˙W − DLL q˙L + CTWL qW − CLL qL . (3.41)
Furthermore, the matrix components of DLL and CLL are obtained as follows
DLL =


dLL(4Nd+1)(4Nd+1) dLL(4Nd+1)(4Nd+2) dLL(4Nd+1)(4Nd+3) dLL(4Nd+1)(4Nd+4)
dLL(4Nd+2)(4Nd+1) dLL(4Nd+2)(4Nd+2) dLL(4Nd+2)(4Nd+3) dLL(4Nd+2)(4Nd+4)
dLL(4Nd+3)(4Nd+1) dLL(4Nd+3)(4Nd+2) dLL(4Nd+3)(4Nd+3) dLL(4Nd+3)(4Nd+4)
dLL(4Nd+4)(4Nd+1) dLL(4Nd+4)(4Nd+2) dLL(4Nd+4)(4Nd+3) dLL(4Nd+4)(4Nd+4)

 , (3.42)
where for j=1, 2, 3, 4
dLL(4Nd+1)(4Nd+j) =
1
ℓ
Nd∑
n=1
[
d(4n)(4Nd+j) +
Ne∑
k=n+1
(
ℓk d(4n−3)(4Nd+j)
)]
dLL(4Nd+2)(4Nd+j) =
1
ℓ
Nd∑
n=1
[
−d(4n−1)(4Nd+j) +
Ne∑
k=n+1
(
ℓk d(4n−2)(4Nd+j)
)]
dLL(4Nd+3)(4Nd+j) =
1
ℓ
Nd∑
n=1
[
−d(4n)(4Nd+j) +
n∑
k=1
(
ℓk d(4n−3)(4Nd+j)
)]
dLL(4Nd+4)(4Nd+j) =
1
ℓ
Nd∑
n=1
[
d(4n−1)(4Nd+j) +
n∑
k=1
(
ℓk d(4n−2)(4Nd+j)
)] (3.43)
and
CLL =


cLL(4Nd+1)(4Nd+1) cLL(4Nd+1)(4Nd+2) cLL(4Nd+1)(4Nd+3) cLL(4Nd+1)(4Nd+4)
cLL(4Nd+2)(4Nd+1) cLL(4Nd+2)(4Nd+2) cLL(4Nd+2)(4Nd+3) cLL(4Nd+2)(4Nd+4)
cLL(4Nd+3)(4Nd+1) cLL(4Nd+3)(4Nd+2) cLL(4Nd+3)(4Nd+3) cLL(4Nd+3)(4Nd+4)
cLL(4Nd+4)(4Nd+1) cLL(4Nd+4)(4Nd+2) cLL(4Nd+4)(4Nd+3) cLL(4Nd+4)(4Nd+4)

 , (3.44)
where for j=1, 2, 3, 4
cLL(4Nd+1)(4Nd+j) =
1
ℓ
Nd∑
n=1
[
c(4n)(4Nd+j) +
Ne∑
k=n+1
(
ℓk c(4n−3)(4Nd+j)
)]
cLL(4Nd+2)(4Nd+j) =
1
ℓ
Nd∑
n=1
[
−c(4n−1)(4Nd+j) +
Ne∑
k=n+1
(
ℓk c(4n−2)(4Nd+j)
)]
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cLL(4Nd+3)(4Nd+j) =
1
ℓ
Nd∑
n=1
[
−c(4n)(4Nd+j) +
n∑
k=1
(
ℓk c(4n−3)(4Nd+j)
)]
cLL(4Nd+4)(4Nd+j) =
1
ℓ
Nd∑
n=1
[
c(4n−1)(4Nd+j) +
n∑
k=1
(
ℓk c(4n−2)(4Nd+j)
)]
. (3.45)
Furthermore, the equations in the bearing system can be considered based on the Equation (2.110)
by inserting the Equations (3.41), (2.106) and (2.109), thus
ML q¨L = DTiL q˙W − (DLL + DdL) q˙L + CTWL qW − (CLL + CdL + CL) qL (3.46)
3.3.4 Differential equations of rotor motion
The whole differential equations of motion of the rotor-bearing system can be arranged by refor-
mulation the Equation (3.21) together with the Equation (3.46) in matrix notation as follows
[
MT + MG 0
0 ML
][
q¨W
q¨L
]
+
[
DT + DG + Da + Di −DiL
−DTiL DLL + DdL
][
q˙W
q˙L
]
+
[
CT + CG + Ca + CW −CWL
−CTWL CLL + CdL + CL
][
qW
qL
]
=
[
pT + pa + pg
0
]
. (3.47)
In general form the Equation (3.47) can be written as
M q¨ + D q˙ + C q = p . (3.48)
In numerical simulation, usually the mass of bearings in sub matrix ML in Equation (3.47) is
assumed to be zero. Here, the method of static condensation can be applied in order to reduce the
degree of freedom of the system.
Similar to the case of the rotor supported by rigid bearings as presented in Section 3.2.5, the
Equation (3.24) for the torsion due to reaction forces in bearings can be used again.
3.4 Case study: anisotropic rotor with two disks supported by
rigid bearings
In this section, several anisotropic rotor models with two disks supported by rigid or anisotropic
flexible bearings are investigated. Based on these models, stability charts will be presented. The
additionally case of a twisted anisotropic shaft with two disks is also studied. In this case, the
influence of the number of elements in the shaft modelling is studied.
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3.4.1 Rotor model
An anisotropic shaft with two disks as shown in Figure 3.2 is supported by rigid bearings. The
shaft is assumed as a massless, but has different orientations along the shaft. If the minimal
number approach of discrete elements is used in the model, the shaft will have three elements
because two disks are attached on the shaft and each disk must be placed in a node. The two
identical disks are thin and rigid and have a ratio of mass moment of inertia Θp1/Θa1 =Θp2/Θa2 =
1.98 (i.e. disk radius = 0.06 m, disk thickness = 0.01 m). The first disk is placed with the distance
ℓ1 from the left shaft end and the second disk ℓ3 from the right shaft end. In order to simplify
the shaft anisotropy, a rectangular cross section of each element is used. The shaft anisotropy is
varied from 0 to 0.99. In the whole system, the internal and external damping is neglected.
A
A
A− A
B
B
B −B
C
C
C − C
m1,Θp1 ,Θa1 m2,Θp2 ,Θa2
β1
β2
β3
b
h
b = 8 mm , h = b
√
1−µW
1+µW
m1 = m2 = 1 kg
Θp1/Θa1 = Θp2/Θa2 = 1.98
ǫ = 1.4×10−4 m
E = 210 GPa
ℓ1 ℓ2 ℓ3
Figure 3.2: Model of anisotropic rotor with two disks supported by rigid bearings
Furthermore, six examples of anisotropic rotors based on the model in Figure 3.2 with varying
orientations are calculated numerically. The parameters of these models are listed in Table (3.1).
All models have the same length of shaft elements (ℓ1 = ℓ2 = ℓ3 = 0.1m). Therefore, the first
disk is attached 0.1m from the left shaft end, whereas the second disk is placed at the distance
0.1m from the right shaft end. At this position of the disks the gyroscopic moments must have
significant effects on the rotor. Corresponding to the shaft bending mode of U-form or S-form,
the angular positions of the disks are not equal to zero.
In the six rotor models, the investigation is limited to study of the effects of different orientations
of shaft elements. In Model 5, a purely anisotropic rotor with two disks is investigated. In Models
6, 7 and 8, the effect of different orientations on the shaft is compared. The difference ∆β in the
shaft orientation (i.e. the difference in orientation between both shaft ends) is varied to 30◦, 60◦
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and 120◦. In these models, the orientation of elements is distributed linearly. Furthermore, as
represented in Models 9 and 10, the effect of an arbitrary distribution of the shaft orientations is
studied.
Table 3.1: Parameter of rotor cases
Model ℓ1 = ℓ2 = ℓ3 [m] β1 [◦] β2 [◦] β3 [◦] Chart
5 0.10 0 0 0 Figure 3.3a
6 0.10 0 15 30 Figure 3.3b
7 0.10 0 30 60 Figure 3.3c
8 0.10 0 60 120 Figure 3.3d
9 0.10 0 60 30 Figure 3.3e
10 0.10 0 30 0 Figure 3.3f
3.4.2 Stability analysis
As investigated in Section 2.10.1, the stability of the rotor supported by rigid bearings is de-
termined easily through the analysis of the eigenvalues according to Equation (2.125). In this
section, the stability of the six rotor models above are presented in Figure 3.3.
In Figure 3.3a, the stability chart of the purely anisotropic rotor with two disks as described by
Model 5 is depicted. Generally, the instability area (shown in grey) has two regions especially
for a rotor for which the coefficient of element anisotropy is µW < 0.85. For a rotor with a
higher value of the element anisotropy, the two instability regions combine to a single area with
a very wide range of instability. The system possesses eight natural frequencies. These natural
frequencies are obtained from the forward whirl speeds of the rotor in Section 2.10.1. In the
figures, the natural frequencies which are considered at rotational speed Ω = 0 are plotted for
rotor with various coefficients of element anisotropy. The first region of instability is termed as
the instability area 1 and the second region instability as the instability area 3. Comparing the
instability area of the purely anisotropic rotor with one disk as described in Model 1 and presented
in Figure 2.16a to the purely anisotropic rotor with two disks in Model 5 as presented in Figure
3.3a, the rotor in Model 1 has only one region of instability and lies exactly between the first and
the second natural frequencies (ω1 and ω2). As represented for Model 5, because of the effect of
gyroscopic moments in the rotor the first instability area is not exactly between the first and the
second natural frequencies but shifted to a higher frequency. Generally, the first instability area
is shifted about 3.72% and the instability area 3 is shifted about 10.73% to higher frequencies
(see Tables C.1, C.2 and C.3 in Appendix C). The rate of the shifted frequency depends on the
parameters of gyroscopic moments in a system.
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Figure 3.3: Stability charts of undamped anisotropic rotor cases with two disks and three shaft
elements: (a) Model 5 (β1 = β2 = β3 = 0◦), (b) Model 6 (β1 = 0◦, β2 = 15◦, β3 = 30◦), (c)
Model 7 (β1 = 0◦, β2 = 30◦, β3 = 60◦), (d) Model 8 (β1 = 0◦, β2 = 60◦, β3 = 120◦), (e) Model 9
(β1=0◦, β2=60◦, β3=30◦) and (f) Model 10 (β1=0◦, β2=30◦, β3=0◦). The natural frequencies
of the rotor are obtained at rotational speed Ω = 0 (shown only six of eight natural frequencies).
The areas of instability are indicated by a shaded area
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A detailed investigation of the purely anisotropic rotor as described by Model 5 is presented in
Figure 3.4 especially for the rotor with the coefficient of element anisotropy at µW = 0.3. In
the figure, the whirl speeds of the rotor are analyzed in fixed reference frame and have been
normalized due to the first natural frequency ω1 which is obtained at the rotational speed Ω=0.
According to Equation (2.125), the matrices have the size of 16×16. The solution of this equation
gives 16 eigenvalues which consist of eight complex conjugate pairs. As mentioned in Section
2.10.1, the imaginary part corresponds to the whirl speeds as plotted in Figure 3.4a and the real
parts to the decay rate as depicted in Figure 3.4b. In case of the rotating rotor at a frequency
about 1.04 - 1.41 and about 4.12 - 5.61, the first whirl speeds of both forward and backward whirl
speeds (ω′1 and ω¯′1) have the same values and coincide with the Ω-line. According to the decay
rate plot in Figure 3.4b, there are two of 16 eigenvalues in which the real parts are not zero. These
real parts have positive and negative values.
In Figure 3.3b, c, d and f, the stability charts of the cases of anisotropic rotors with two disks and
different shaft orientations are presented. Special for Figures 3.3b, 3.3c and 3.3d, the differences
of element orientations are distributed linearly along the shafts as listed for Model 6, 7 and 8 in
Table 3.1. The difference in the shaft orientation in the rotor in Model 7 with ∆β=60◦ is twice
as big as for the rotor in Model 6 with ∆β=30◦. Similarly, the orientation in the rotor in Model
8 is twice as big as for the one in Model 7.
In general, the stability charts of the anisotropic rotors in Models 6, 7 and 8 have a similar form.
Each chart has three regions of instability. Comparing the Figure 3.3b, 3.3c and 3.3d to the Figure
3.3a, there is a new region of instability which occurs between the first and the third region. Here,
the new instability region is termed as the instability area 2. In Model 7 (i.e. rotor with ∆β=60◦),
the width of the second instability area is wider than the one in Model 6. The largest width occurs
if the difference of shaft orientation is ∆β = 90◦ with the distribution of orientation β1 = 0◦,
β2 = 45
◦ and β3 = 90◦ (not presented in the figure). For ∆β > 90◦ as presented in Model 8, the
width of the second instability region becomes narrower as depicted in Figure 3.3d. Furthermore,
the first instability area is shifted to higher frequencies. The higher the coefficient of element
anisotropy in the rotor, the bigger is the shift of the instability area. It means the higher the
coefficient of element anisotropy in the rotor, the wider is the first instability area. Besides, the
bigger the difference ∆β in the shaft orientation, the higher is the shift of the lower boundary of
instability corresponding to ω1 but the lower is the shift of the upper boundary of instability due
to ω2. Generally, the difference in the shaft orientation decreases the width of the first instability
area. In the third instability area, the shift of the lower and upper boundary of the instability
area due to ω3 and ω4, respectively is higher than for the first instability area. These trends are
confirmed by the corresponding values for the rotor with the coefficient of element anisotropy at
µW =0.2, 0.3 and 0.5 and presented in Tables C.1, C.2 and C.3 in Appendix C, respectively.
Similar to Figure 3.4, a detailed investigation of the anisotropic rotor as described in Model 7
is presented in Figure 3.5 especially for the rotor with the coefficient of element anisotropy at
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µW = 0.3. In Figure 3.5a, it can be seen that in case the rotor rotates at a frequency about
1.04 - 1.32 and about 4.22 - 5.27 where these instability regions are denoted as area I and III ,
respectively, the first whirl speeds of both forward and backward whirl speeds (ω′1 and ω¯′1) have
the same value and coincide with the Ω-line. According to the decay rate plot in Figure 3.5b, there
are also two of 16 eigenvalues in which the real parts are not zero. These real parts have positive
and negative values. Besides, in case of the rotating rotor at frequency about 2.70 - 3.05 where the
second region of instability is existing and denoted as region II , the first and the second backward
whirl speeds coincide. As depicted in Figure 3.5b, there are two of 16 eigenvalues in which the
real parts are not zero. These real parts have also positive and negative values. Therefore, this
range is denoted as unstable region.
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Figure 3.4: (a) Non-dimensional CAMPBELL diagram (shown only four of eight forward whirl
and two of eight backward whirl speeds) of the undamped anisotropic rotor with two disks in
Model 5 (β1=β2=β3=0◦) with the coefficient of element anisotropy at µW =0.3 and (b) decay
rate plot
In Model 9, the shaft element orientations of the anisotropic rotor with two disks is not distributed
linearly. The difference in the shaft orientation between both shaft ends is 30◦ (as in Model 6),
but the orientation of the second shaft element is 60◦. The model represents an anisotropic rotor
with arbitrary orientations along the shaft. The stability chart is depicted in Figure 3.3e. Now, the
form of the instability region in Model 9 is qualitatively similar to the instability region in Models
6, 7 or 8. The chart has three regions of instability. The first and the third regions of instability
of Model 9 are narrower than the one in Model 6, the second region of instability is only slightly
narrower than the one in Model 6.
In Model 10, the difference in orientation between both shaft ends is zero, but the orientation of
the second shaft element is 30◦. The stability chart is shown in Figure 3.3f. Although the rotor
has a nonvanishing orientation in the central section of the shaft (i.e. in the second shaft element),
an instability occurs only in two regions similar to the case of purely anisotropic rotor in Model
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Figure 3.5: (a) Non-dimensional CAMPBELL diagram (shown only four of eight forward whirl
and two of eight backward whirl speeds) of the undamped anisotropic rotor with two disks in
Model 7 (β1=0◦, β2=30◦, β3=60◦) with the coefficient of element anisotropy at µW =0.3 and
(b) decay rate plot
5. Comparing the instability area of the rotor in Model 10 as presented in Figure 3.3f to Model 5
in Figure 3.3a, the width of the instability range in Figure 3.3f is slightly narrower and the shift
of the instability areas to higher frequencies is larger.
Based on the models presented in this section, it can be concluded that the difference in the shaft
orientation affects the occurrence of the second region of instability. The bigger the difference be-
tween the actual shaft orientation and the maximum value 90◦, the wider is the range of the second
instability region. The different shaft orientations cause a reduction of the width of instability in
the case of an anisotropic rotor with one disk and two disks, too.
3.4.3 A twisted anisotropic shaft with two disks
In this section, the difference in the shaft orientation between both shaft ends of a twisted an-
isotropic shaft with two disks is assumed to be 60◦. By using the minimal number of elements
and linearly distributed orientations along the shaft, the twisted anisotropic rotor is identical to
Model 5 in Section 3.4.1 with the orientations (0◦ - 30◦ - 60◦) for the three shaft elements. The
stability chart of this model was presented in Figure 3.3c. Whereas the rotor is discretized by 6
shaft elements, the linearly distributed orientations of the shaft elements become (0◦ - 12◦ - 24◦
- 36◦ - 48◦ - 60◦). For 24 elements, the orientations of elements are (0◦ - 2.6◦ - 5.2◦ - · · · - 60◦).
The stability charts of the model with 6 and 24 elements are plotted in Figure 3.6.
The stability charts of the twisted anisotropic rotor with two disks show three instability regions.
Detailed values for the rotor with the coefficient of element anisotropy at µW = 0.2 and 0.3 are
listed in Tables C.4 and C.5 in Appendix C. For example, based on the tables, the width of the first
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and the third instability regions increases until it reaches an asymptotic value at a large number
of shaft elements as presented in Figures 3.7 to 3.9. The increase in the instability intervals is
shown as a decrease in the lower boundary and increase in the upper boundary of instabilities for
the rotor with a larger number of shaft elements. In contrary, the width of the second instability
region decreases for larger number of elements and tends to small values as plotted in Figure 3.8.
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Figure 3.6: Comparison of stability charts of undamped twisted anisotropic shaft with two disks
and the difference ∆β=60◦ in the shaft orientation supported by rigid bearings: (a) model with
6-elements and (b) 24-elements. The natural frequencies of the rotor are obtained at rotational
speed Ω = 0 (shown only six of eight natural frequencies)
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Figure 3.7: Comparison of the lower and upper boundaries of the first instability region of un-
damped twisted anisotropic shaft with two disks supported by rigid bearings. The coefficient of
element anisotropy at µW =0.3 for various number (3, 6 and 24) of the discrete shaft elements
In this research, the number of shaft elements of the rotor is limited to 24 elements. By using 24
shaft elements on the shaft, the investigation of the second instability region cannot be concluded
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yet. It needs a further investigation by using a higher number of shaft elements in order to proof
whether the width of the second instability tends to zero or an asymptotic value. If the rotor shaft
is discretized by a very large number of shaft elements the difference of the linearly distributed
orientations of the shaft elements is very small.
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Figure 3.8: Comparison of the lower and upper boundaries of the second instability region of
undamped twisted anisotropic shaft with two disks supported by rigid bearings. The coefficient
of element anisotropy at µW =0.3 for various number (3, 6 and 24) of the discrete shaft elements
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Figure 3.9: Comparison of the lower and upper boundaries of the third instability region of
undamped twisted anisotropic shaft with two disks supported by rigid bearings. The coefficient
of element anisotropy at µW =0.3 for various number (3, 6 and 24) of the discrete shaft elements
Based on the Table C.5 in Appendix C, comparing the natural frequencies of the anisotropic
rotor with various discretized number of shaft elements (i.e. the element anisotropy µW = 0.3),
while the first and the third natural frequency increase until they reach asymptotic values, the
second and the fourth natural frequency decrease for anisotropic rotor with a larger number of
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shaft elements. In the tables, only four of the eight natural frequencies are listed. The change
of the natural frequencies of the models as shown in Figures 3.10 are relative small (less than
5% for the model with 6 elements compared to the model with 3 elements and less than 2% for
model with 24 elements compared to the model with 6 elements). Especially for the first and the
second natural frequency, the change is less than 2% for the model with 6 elements compared to
the model with 3 elements and less than 1% for model with 24 elements compared to the model
with 6 elements.
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Figure 3.10: Comparison of the first four natural frequencies of undamped twisted anisotropic
shaft with two disks supported by rigid bearings. The coefficient of element anisotropy at µW =
0.3 for various number (3, 6 and 24) of the discrete shaft elements
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3.5 Case study: anisotropic rotor with two disks supported by
anisotropic flexible bearings
In this section, four cases of an anisotropic rotor with two disks supported by anisotropic flexible
bearings are presented. The first two cases are purely anisotropic rotor and the others are aniso-
tropic rotor with different shaft orientations. The stability charts of the models are determined by
using the FLOQUET theory and the dynamic responses of the rotors are obtained by solving the
differential equations of the forced vibration numerically.
3.5.1 Rotor model
As mentioned above, the first two models are purely anisotropic rotors supported by anisotropic
flexible bearings as shown in Figure 3.11. The rotor shaft is discretized by three shaft elements
without different orientations (β1 = β2 = β3 = 0◦) or ∆β = 0◦. The length of the shaft elements
are the same (ℓ1 = ℓ2 = ℓ3 = 0.1m). The two identical thin disks are attached on the shaft.
Generally, the shaft model is similar to the case in Section 3.4.1. Further, the condition of bearings
are identical to the case in Section 2.10.2. The anisotropy of the bearing stiffness is defined as
presented in Equation (2.147), where c1z and c1y are the stiffness parameters of the bearings on
the left shaft end in z-direction and y-direction, respectively, and c2z and c2y on the right shaft
end. The bearing stiffness as in the z-direction are c1z = c2z = 13 763 N/m. In this section, two
different anisotropies of the bearing stiffness with µL1 = µL2 = µL = 0.3 (i.e. c1y = c2y = 7411
N/m) and 0.6 (i.e. c1y=c2y=3441 N/m) are simulated. The stability charts are obtained by using
the FLOQUET theory and presented in Figure 3.12a and b. The areas of instability are indicated by
a shaded area. In order to verify the stability charts, the dynamic responses in frequency domain
of the rotor models with the coefficient of element anisotropy at µW =0.3 and 0.5 in both support
conditions of the anisotropic flexible bearings are presented in Figure 3.12c, d, e and f. These
models are forced vibration systems, in which the eccentricity of unbalance mass in each disk
is ǫ = 1.4×10−4 m. Besides, all internal and external dampings in the shaft and bearings are
neglected.
Furthermore, the other two models are anisotropic rotor with different shaft orientations supported
by anisotropic flexible bearings. The shaft orientations are chosen as β1 = 0◦, β2 = 30◦ and
β3=60
◦ or ∆β=60◦, according to Figure 3.11. Other parameters are the same with the first two
models above. The stability charts are presented in Figure 3.13a and b and the dynamic responses
in frequency domain in Figure 3.13c, d, e and f.
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Figure 3.11: Anisotropic rotor model with two disks supported by anisotropic flexible bearings
3.5.2 Stability analysis
As studied in Chapter 2, comparing the anisotropic rotor with one disk supported by rigid or
anisotropic flexible bearings, it is observed that the stability chart of the rotor supported by flexible
bearings is separated into three regions of instability especially for rotor with a lower anisotropy
(comparing Figure 2.16c to Figure 2.18).
In case of the pure anisotropic rotor with two disks supported by anisotropic flexible bearings,
the stability charts are presented in Figures 3.12a and b. Comparing the stability charts of these
models to the anisotropic rotor supported by rigid bearings (Model 5) as shown in Figure 3.3a,
the first instability area in the frequency region 1.0 to 1.3 is also separated into three regions of
instability. Especially in Figure 3.12a and b, the three separated areas widen for higher anisotropy
(µW < 0.64) for the bearing anisotropy µL1 = µL2 = µL = 0.3 and (µW < 0.8) for the bearing
anisotropy µL1 =µL2 =µL=0.6. In the third instability area, there is no separated area as in the
first instability area. Nevertheless, the third instability area becomes narrower and the vicinity of
an anisotropy µW =0.3 the instability area vanishes. The second instability area does not occur,
however, several tongues of instabilites occur in the left and the right of the third instability area.
In order to verify these FLOQUET stability charts, the dynamic responses in frequency domain
of the rotor with a certain anisotropy are considered. In this section, the responses of the rotor
with the anisotropy µW = 0.5 and 0.3 supported by flexible bearings (the bearing anisotropy
µL1 =µL2 =µL=0.3) are presented in Figure 3.12c and e, respectively.
For the same rotor cases supported by flexible bearings with the bearing anisotropy µL1 =µL2 =
µL = 0.6, the results are depicted in Figure 3.12d and f. In the instability area of the tongue
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Figure 3.12: Stability charts according to Floquet of undamped purely anisotropic rotor with two
disks and for various shaft anisotropy (µW =0 to 0.8) supported by anisotropic flexible bearings
with (a) µL = 0.3 and (b) µL = 0.6. The dynamic responses in frequency domain of the rotor for
anisotropy µW = 0.5 supported by anisotropic flexible bearings with the coefficient (c) µL = 0.3
and (d) µL = 0.6 and for anisotropy µW = 0.3 with (e) µL = 0.3 and (f) µL = 0.6
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Figure 3.13: Stability charts according to Floquet of undamped anisotropic rotor with two disks
and for various shaft anisotropy (µW =0 to 0.8) with different shaft orientations (β1=0◦, β2=
30◦, β3 = 60
◦) supported by anisotropic flexible bearings with (a) µL = 0.3 and (b) µL = 0.6.
The dynamic responses in frequency domain of the rotor for anisotropy µW = 0.5 supported by
anisotropic flexible bearings with the coefficient (c) µL = 0.3 and (d) µL = 0.6 and for anisotropy
µW = 0.3 with (e) µL = 0.3 and (f) µL = 0.6
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at rotational speed about 3 (see Figure 3.12c) or at rotational speed about 4.0 - 4.3 (see Figure
3.12d), the amplitude of the rotor is also higher. However, for the rotor with the ansotropy µW =
0.3 as shown in Figures 3.12e and f, the amplitudes of the responses are very high only in the
range of the three separated regions of the first instability area.
Furthermore, the cases of anisotropic rotor with different shaft orientations supported by aniso-
tropic bearings are also investigated. The stability charts as shown in Figure 3.13a and b are
presented. Similar to the analysis above, comparing these stability charts to the stability chart
of the anisotropic rotor supported by rigid bearings (Model 7) as presented in Figure 3.3c, the
three separated regions of instability occur in the first and the second instability areas, but not in
the third instability region. Besides that, several tongues of instabilities also occur in the left and
the right of the second and the third instability areas. Because of the separated regions and the
occuring of tongues of instabilities the higher amplitudes of the responses also occur according
to these stability areas. In case of an anisotropic rotor with the weight critical phenomenon, the
amplitudes of the responses are relatively higher at rotational speed about half of the first cri-
tical speed. However, the weight critical speed is not defined as instability area in the FLOQUET
stability charts.
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Chapter 4
Experimental and numerical investigation
In this chapter, the developed model based on the strain energy method for asymmetric bending
of a beam as presented in Chapters 2 and 3 will be benchmarked on a real anisotropic rotor
with different shaft orientations supported by rigid bearings. Only one model of the rotor case is
considered here. The dynamic behavior of the rotor is investigated not only at constant angular
speed but also at constant angular acceleration. The experimental results are compared to the
numerical results. For the numerical simulation, several assumptions are made to model the
experimental anisotropic rotor. The natural frequencies will be determined from the whirl speeds
of the rotor at rotational speed Ω=0. The dynamic responses which are influenced by unbalance
disks and element anisotropy of the shaft will be shown in a spectral map and a Campbell diagram.
4.1 Experimental investigation
4.1.1 Rotor prototype
A prototype of an anisotropic rotor with two disks and different shaft orientations supported by
four quasi-rigid bearings is depicted in Figure 4.1. The detail components are drawn in Figure
4.2 and outlined in the following:
• A steel shaft (X 90 CrMoV 18) with a diameter of 8 mm and a total length of 626 mm. The
shaft length between the bearing (b) and the bearing (k) is 540 mm. The shaft is devided into
three sections (A, B and C) with differently oriented cross-sections. The length of each section
is 180 mm. Along 166 mm of the shaft section the thickness of the cross section is 5 mm. If
the orientation of the first section is defined to be β1=0◦, the second and the third sections are
β2=30
◦ and β3=60◦, respectively.
• Four quasi-rigid bearings (b), (c), (j) and (k). The type of bearings are self-aligning ball
bearings. In the radial direction, they are assumed to be rigid compared to the shaft stiffness.
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• Two rigid disks (e) and (h) with the mass of each disk of 1.153 kg. The ratios of mass moment
of inertia are Θp1/Θa1 =Θp2/Θa2 =1.90. In each disk, 24 holes are drilled every 15◦ in order
to attach well-defined unbalance masses.
• Two safety bearings (d) and (i) including four displacement sensors (only one sensor l, m of
each safety bearing is shown). The V-position of the two sensors spans an angle of 90◦. By
using a rotary transformation of 45◦, the displacement of the disk in horizontal and vertical
direction can be measured.
• Two external dampers (f ) and (g). The actual distance between a damper and the next disk is
55 mm,
• A coupling (a) that connects a servo-motor to the shaft.
• A servo-motor (shown in Figure 4.1 on the far left) attached at point (a) for generating the
driving torque.
Figure 4.1: Prototype of an anisotropic rotor with two disks and different shaft orientations
supported by four quasi-rigid bearings
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Figure 4.2: Technical drawing of the rotor prototype in Figure 4.2. Length unit is in milimeter
4.1.2 Running at constant angular speed
As mentioned in Section 4.1.1, two displacement sensors are fixed in each safety bearing in order
to measure the displacement of the disk. The signals of the four displacement sensors are acquired
by using the dSpace hardware type DS1103. The MATLAB software is used to control the dSpace
and to process the signal data. The signals are filtered by a fourth order low-pass butterworth filter
in MATLAB with a cut off frequency at 100 Hz. Using the sampling rate of 10 000 data/second
and the number of sampling data 216, the data in one run are recorded in 6.5536 seconds.
A sample set of recorded data of the disk 1 in z-direction at the rotational speed Ω/2π= 10 Hz
is plotted in Figure 4.3a. This data is transformed into the frequency domain by using the fast
fourier transform (FFT). The frequency content of the signal data is plotted in Figure 4.3b. The
signal components at frequency Ω and 2Ω can be seen clearly. These correspond to the unbalance
of the disk and the shaft anisotropy, respectively. At the rotational speed Ω/2π=10 Hz, the signal
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component corresponding to the shaft anisotropy occurs at frequency 20 Hz.
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Figure 4.3: (a) Signal data in the time domain of the disk 1 in z-direction (zW1) at rotational
speed Ω/2π=10 Hz and (b) signal data in the frequency domain (ZW1)
During the experiment, the rotor is operated at constant angular speed in the region between 1
and 80 Hz with an incremental step of 1 Hz. Again, the experimental data in time domain are
transformed into the frequency domain by using FFT. The results are shown as spectral maps
in Figure 4.4 for the responses at the disk 1 and 2, respectively. In these figures, the response
amplitude RWi is the resultant of the response amplitudes of the disk i in y and z-direction,
|RWi| =
√
Y 2Wi + Z
2
Wi
(4.1)
At rotational speeds between 56 and 71 Hz (i.e. unstable region), the responses of the disks are
very high and the prototype rotor is secured by the two safety bearings from a fatal damage. In
order to avoid any damage to the rotor, the rotor is accelerated through this unstable region and
no data is recorded.
The amplitudes of the Ω and 2Ω components in Figure 4.4 in dependency of the rotational speed
are plotted in Figure 4.5. Comparing the Figure 4.5a to 4.5b, the Ω and 2Ω components are
comparable but different although the assembly in Figure 4.2 is symmetric. This is mainly due to
bowing of the shaft. While the Ω component in Figure 4.5a is slightly higher at rotational speeds
around 25 Hz and very high about 56 - 71 Hz, the same component in Figure 4.5b is moderately
higher at rotational speeds around 23 Hz and around 36 Hz and much higher about 56 - 71 Hz.
The first interval (I) of these higher amplitudes corresponds to the range between the first and the
second natural frequencies and the third interval (III) to the range between the third and the fourth
natural frequencies of the rotor as presented in Figure 4.6a. This figure shows the responses in
the frequency domain of the free vibration of the rotor at rest after an impact force at disk 2 in
z-direction, in which the natural frequencies are defined by f1≈ 21 Hz, f2≈ 26 Hz, f3≈ 55 Hz
and f4≈ 68 Hz. Because the peaks of the response magnitudes in Figure 4.6a have the different
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Figure 4.4: Spectral map of (a) the disk 1 and (b) the disk 2. No data is recorded at rotational
speeds between 56 and 71 Hz (unstable)
values of the peaks of each natural frequency, these frequencies are approximation values based
on the peaks in Figure 4.6a and the phases of the responses in Figure 4.6b. Besides, the first
and the second natural frequency have wide peaks, in which the rotor system experiences high
damping.
0 20 40 60 800
0.2
0.4
0.6
0.8
 
 
x 10−3
III
IA
m
pl
itu
de
[m
]
Rotational speed, Ω/2π, [Hz]
u
n
st
ab
le
Ω
2Ω
(a)
0 20 40 60 800
0.2
0.4
0.6
0.8x 10
−3
I II
III
A
m
pl
itu
de
[m
]
Rotational speed, Ω/2π, [Hz]
u
n
st
ab
le
Ω
2Ω
(b)
Figure 4.5: Dynamic responses in frequency domain of (a) the disk 1 and (b) the disk 2. No data
is recorded for rotational speeds between 56 and 71 Hz (unstable region)
The responses of the disk 2 in Figure 4.5b tend to similar results which have three separated
regions of instability as shown for the rotor cases in Chapter 3. The first region of instability
corresponds to the region between the first and the second natural frequency (f1 and f2) and the
third instability region to the third and the fourth natural frequency (f3 and f4) with a shift to
higher frequencies. However, the response amplitudes in the first region (18 - 27 Hz) and the
second region (around 36 Hz) do not show unstable responses. It was verified experimentally
in Figure 4.6 that the rotor may be influenced by higher damping coefficient especially by the
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external dampers (f) and (g) in Figure 4.2. Besides, the three separated regions with slightly or
moderately higher amplitudes do not occur in the responses of the disk 1 in Figure 4.5a. This may
be caused by two possibilities. First, it may be caused by the coupling (a) in Figure 4.2 which
holds the free motion of the shaft end. Therefore, a bending moment occurs in the bearing (b)
which reduces the displacement near this bearing. For the disk 2, this effect is small because of
the larger distance to the bearing (b). Second, it may be caused by a misalignment or bowing at
the shaft centre line.
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Figure 4.6: Free vibration responses in the frequency domain of the disks through an impact
force at the disk 2 in z-direction: (a) magnitudes and (b) phases of the responses
In order to identify the damping coefficient of the rotor, the free vibration response zW2 is analyzed
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by determining its logarithmic decrement (Λ). Because the response zW2 in the time domain
contains all natural frequencies, this response is filtered by using fourth order band-pass filter.
By using a cut off of 10 - 23 Hz, the response of the first natural frequency is obtained as shown
in Figure 4.7. Based on this figure, the damping coefficient (i.e. assumed as external damping
coefficient) of the rotor is identified by the logarithmic decrement [35]
Da =
Λ√
4π2 + Λ2
≈ 0.18 . (4.2)
However, this damping coefficient is an approximation value only, because the period of each
oscillation motion is not exactly the same.
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Figure 4.7: Free vibration response zW2 according to Figure 4.6 after a band-pass filter with a cut
off of 10 - 23 Hz (i.e. around the first natural frequency of the rotor)
As a comparison, orbit plots of the disks 1 and 2 are depicted at several speeds in Figure 4.8. In
the figures, the orbit radius of the disk 2 is wider than the one of the disk 1. At low rotational
speeds (e.g. Ω/2π= 1 Hz) at which the unbalance forces acting on the disks are still small, the
2Ω component (i.e. effect of the shaft anisotropy) dominates the disk responses, especially for the
disk 2. This response can be seen clearly in Figure 4.8b, whereas the smaller response at the 2Ω
component of the disk 1 is shown in Figure 4.8a. According to the behavior of an anisotropic ro-
tor as shown in Figure 1.1, the response of an anisotropic rotor should be like two identical circle
orbits. This expected orbit corresponds only to the orbit plot of the disk 2 in Figure 4.8b. Based on
this comparison, it can be concluded that the misalignment or the bowing exists at the shaft centre
line, especially at the position around the disk 1. Therefore, the responses of the disk 1 are not
suitable to be used in comparison between the experimental and numerical results in Section 4.3.
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Figure 4.8: Orbits of the disks in the rotor (a) and (b) at rotational speed Ω/2π=1 Hz, (c) and
(d) at rotational speed Ω/2π=18 Hz and (e) and (f) at rotational speed Ω/2π=30 Hz (i.e. close
to the weight critical speed)
Only the responses of the disk 2 will be used in the further comparison. Furthermore, a significant
reduction in the response of the disk 1 occurs at the rotational speed Ω/2π=18 Hz as plotted in
Figure 4.8c. At this rotational speed, the 2Ω component of the disk 1 is negligible, whereas it still
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exists in the disk 2. Nevertheless, the 2Ω component in the disk 1 is recovered at the rotational
speed Ω/2π=30 Hz. The occurrence of the 2Ω component with the relatively high amplitude at
the rotational speed of 30 Hz is caused by the instability region at frequency about Ω/2π=60 Hz.
At this rotational speed, the rotor runs unstable.
4.1.3 Running at constant angular acceleration
In this section, the rotor is operated at constant angular acceleration. The rotor is run up from
its rest condition until the rotational speed above Ω/2π = 80 Hz is reached. The signal data is
recorded in 120 seconds and the rotational speed reaches Ω/2π = 90 Hz. In this condition, the
acceleration rate is about a = 4.71 rad/s2. The time histories of the responses are depicted in
Figure 4.9. The figures show the responses of the disk 1 and 2 in z-direction. It is well known
that the sources of vibration cannot be distinguished in the time domain. They show only the
displacements of the disks during the accelerated rotor. At the time about t=34 and 38 seconds,
the displacements of the disks increase moderately. This increase corresponds to the two critical
speeds. The first critical speed occurs at the time t=34 second where the rotor runs at a rotational
speed about Ω/2π = 25 Hz and at the second critical speed at t = 38 second where about 28
Hz. Comparing these results to the first and the second natural frequencies which are obtained
through the free vibration test as shown in Figure 4.6, the critical speeds which are obtained
through the accelerated rotor test shift to higher frequencies. Further studies on this problem have
been discussed in [11].
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Figure 4.9: Dynamic responses in the time domain of (a) the disk 1 and (b) the disk 2 in z-
direction, in which the rotor is operated by constant angular acceleration
Furthermore, very high amplitudes of the disks occur during the measured time between t= 68
and 93 seconds. Here, the disks and the safety bearings are in contact. In order to investigate in
more detail, the signal data in the time domain is processed into a spectrogram which is shown in
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Figure 4.10: Dynamic responses in the spectrogram of (a) the disk 1 and (b) the disk 2 in z-
direction, in which the rotor is operated by constant angular acceleration
Figure 4.10. The figures show the signal data in the frequency domain against time. The response
amplitudes are presented in a scaled colour. Similar to the spectral map, the vibration components
in the spectrogram can be seen clearly. Again, the Ω and 2Ω component spectrums dominates. At
the time about t=80 - 93 seconds, the spectrograms show a wide range of frequency components.
It means that an impact force occurs between a disk and its safety bearing. At this time, the rotor
runs at the rotational speeds about 60 - 70 Hz. At the time about t= 70 - 80 seconds the rotor
runs up at rotational speeds about 53 - 60 Hz and the displacements of the disks become very
high, too. However, the contacts between the disk and its safety bearing do not occur with the big
contact forces. These can be seen in Figure 4.10, where the wide range spectrum is depicted with
moderately intensity of the scaled colour only.
4.2 Numerical investigation
In this section, the experimental anisotropic rotor as shown in Figure 4.2 is modelled by assuming
several simplifications and calculated numerically. The natural frequencies and the whirl speeds
of the rotor are analyzed and plotted in a Campbell diagram. The instability region is also inves-
tigated.
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4.2.1 Modelling
The components of the prototype rotor as shown in Figure 4.2 have been described in Section
4.1. In this section, the experimental rotor is modelled by using several assumptions in order to
simplify the modelling. The rotor is supported by four rigid bearings. Because the ball bearings
are self-aligned, the angular positions of the bearings can move freely. The rotor shaft is assumed
to be massless and has three shaft sections with the orientations of the cross-section (β1=0◦, β2=
30◦ and β3=60◦) as shown in Figure 4.11. The thickness of each shaft section is 5 mm. Therefore,
the coefficient of the shaft section anisotropy is µW =0.41. Two disks are attached on the shaft
and each disk is placed in a node. The disks are identical, thin, rigid and have an eccentricity of
ε1=ε2=33.4×10−6 m and a ratio of mass moments of inertia of Θp1/Θa1 =Θp2/Θa2 =1.90. The
disks are placed at 180 mm from the bearing (b) and 180 mm from the bearing (k) (see Figure
4.2). The internal damping is assumed to be small, with the specific modal damping Di=0.001.
In the numerical simulation, the external damping coefficient is adopted by comparison with the
experimental results (Da=0.18 according to Figure 4.7). For the experimental rotor, the external
damping comes from the two discrete dampers which are attached to the shaft at a distance of
55 mm from the disks. In the model, the external damping is assumed to act at exactly the disk
position and to be proportional to the absolute velocity of the disk according to Equation (2.64).
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ε = 33.4×10−6 m
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Di = 0.001
Da = 0.18
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Figure 4.11: Modelling of the experimental rotor. Length unit is in milimeter
Furthermore, the stiffness of the shaft must be considered. Because the experimental rotor with
two disks is supported by four rigid bearings, the derived equations in Section 3.2.1 cannot be
used directly and must be modified. Based on the equations in Section 2.5.1, the flexibility of the
experimental rotor can be derived accordingly. As shown in Figure 4.11, the shaft is discretized
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by five shaft elements. Therefore, the orientations of the discrete shaft elements are distributed
as β1=β2=0
◦
, β3=30
◦
, β4=β5=60
◦
. The following steps are made to assemble the stiffness
matrix of the experimental rotor. In the first step, the normalized forces and moments in the
node of the disk 1 yield the reaction forces in the four supports. Therefore, the bending moment
diagrams in η and ζ-directions are derived as a function of the shaft position x , see Figure 2.8.
Similarly, the bending moment diagrams which come from the normalized forces and moments
in the node of the disk 2 are obtained. In a second step, the flexibility influence coefficients
can be calculated by using the Equations (3.1) - (3.3). Further, the flexibility matrix is obtained
by assembling the flexibility influence coefficients into a matrix. By inverting this matrix the
stiffness matrix of the experimental rotor is derived.
Other dynamic parameters (e.g. the internal and external damping matrices, the differential equa-
tions of translatory and rotary inertia) are considered based on the derived equations in Chapter 3.
Because the experimental rotor runs at constant angular speed or at constant angular acceleration,
it is not necessary to consider the torsions due to reaction forces in the bearings.
4.2.2 Simulation at constant angular speed
In this section, the stability of the rotor model shown in Figure 4.11 is investigated. According to
Equation (2.125), the state-space matrices A and B are of size 16×16. Therefore, the solution of
the equation gives 16 complex eigenvalues: eight complex and eight complex conjugate eigen-
values. By sorting and separating the eigenvalues into positive and negative imaginary values,
the forward and backward whirl speeds of the rotor are determined. These forward and backward
whirl speeds are transformed into the fixed reference frame and shown in the CAMPBELL diagram
in Figure 4.12c for the rotor with Da = 0.18. The decay rate plots obtained from the real parts
of the eigenvalues are depicted in Figure 4.12b. As mentioned in Sections 2.10.1 and 3.4.2, the
natural frequencies are obtained from the forward whirl speeds of the rotor at the rotational speed
Ω=0. Based on the Figure 4.12a, the natural frequencies are defined as f1=25.3 Hz, f2=33.5
Hz, f3=55.7 Hz and f4=72.8 Hz.
The CAMPBELL diagram in Figure 4.12a shows only four of the eight forward f ′i and two of
the eight backward whirl speeds f¯ ′i of the rotor with the modal external damping coefficient
Da=0.18. In this figure, at rotational speeds about 26.4 - 34.8 Hz and about 56.3 - 75.7 Hz the
first whirl speeds of the forward and backward whirl (ω′1 and ω¯′1) coincide with the Ω line. At
rotational speeds about 42.7 - 51.8, the first and the second forward whirls coincide. However, in
the decay rate plot in Figure 4.12b only the third instability region which lies in the interval of
57.7 - 74.2 Hz has positive real parts.
Besides, two intersection points (P1=14.6 Hz and P2=30.8 Hz) occur at the crossing of the 2Ω
line and the curves of the whirl speeds in Figure 4.12a. At these points, the amplitudes of the 2Ω
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Figure 4.12: (a) Campbell diagram of the simulated rotor with the modal external damping
coefficient Da=0.18 (only four of the eight forward and two of the eight backward whirl speed
are shown), (b) decay rate plots (i.e. real parts) of the 16 eigenvalues of the rotor with the modal
external damping coefficient Da=0.18
line are increased. The dynamic response amplitudes at these Ω and 2Ω lines are depicted in the
spectral maps as presented in Figures 4.13a.
0
20
40
60
80
100
0 20
40 60
80
0
0.5×10−3
|R
W
2
|
Rotational sp
eed, Ω/2π, [Hz
]
Frequency [H
z]
2Ω
Ω
(a)
0 20 40 60 800
0.2
0.4
0.6
0.8
 
 
Ω
2Ω
x 10−3
A
m
pl
itu
de
[m
]
Rotational speed, Ω/2π, [Hz]
(b)
Figure 4.13: (a) Spectral map of disk 2 (RW2) at constant rotational speed from 1 to 80 Hz for
rotor with the coefficient of external damping Da =0.18 and (b) dynamic response components
in the frequency domain
Similar to Figure 4.5, the dynamic responses in the frequency domain of the rotor are presented in
Figure 4.13b. In this figure, the first and the second peaks of the 2Ω component (see P1 and P2 in
Figure 4.12b) occur at frequencies about 15 Hz and 31 Hz. At lower rotational speeds (i.e. from
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Ω=0 to 10 Hz), the 2Ω components occur with moderately higher amplitudes. In this condition,
the deflection of the rotor in one revolution is different. As mentioned in Section 1, it is caused
by the anisotropy of the shaft.
4.2.3 Simulation at constant angular acceleration
For the rotor at constant angular acceleration, the acceleration rate of 4.71 rad/s2 is chosen based
on the experiment in Figure 4.10. The rotor is run up from the rest condition until it reaches the
rotational speed of 90 Hz in 120 second. The results are depicted in Figure 4.14 for the responses
at the disks 1 and 2. In the following simulation, the rotor with the external damping coefficient
Da=0.18 is simulated. This external damping coefficient is chosen based on the determining of
the logarithmic decrement of the dynamic response in Figure 4.7.
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Figure 4.14: Dynamic responses in the time domain of (a) the disk 1 and (b) the disk 2 in z-
direction, in which the rotor is operated by constant angular acceleration
Comparing the numerical result in Figure 4.14 to the experimental results as shown in Figure 4.9,
the moderately higher amplitudes in the numerical results occur at times about 39 and 43 seconds
where the rotor runs at rotational speeds of 29 and 32 Hz, whereas the moderately high amplitudes
in the experimental results occur at time about 34 and 38 seconds or at rotational speeds of 25
and 28 Hz. However, additional moderately higher amplitudes occur in the simulation at times
about 18 and 20 seconds at rotational speeds 13.5 and 15 Hz. As mentioned in Section 4.1.3,
the sources of vibration cannot be distinguished in the time domain. Therefore, according to the
experimental results in Figure 4.5b, the responses of the 2Ω component at frequency of 15 Hz
occur with moderately high amplitudes. Furthermore, In Figure 4.14, very high amplitudes occur
in the rotor simulation at times after 78 seconds when the rotational speed of the rotor is above
58.5 Hz, whereas in the experiment they occur at time between 80 and 93 seconds at rotational
speeds between 60 and 70 Hz. In the rotor simulation at time after 93 seconds at rotational speeds
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above 70 Hz, the response amplitude is still very high. It may be caused by the lack of the
numerical precisions after very high values.
4.3 Comparison of experimental and numerical results
In this section, the natural frequencies which are obtained by experimental and numerical in-
vestigations are compared and listed in Table 4.1. The natural frequencies of the experiment
are obtained from the free vibrations of the rotor at rest excited by an impact force at disk 2
in z-direction (see Figure 4.6), while in the numerical investigation they are obtained from an
eigenvalue analysis of the rotor matrices at rotational speed Ω=0.
Table 4.1: Comparison of the natural frequencies
Natural frequency Experimental Numerical [Hz]
[Hz] (Da=0.18)
1 21 25.3
2 26 33.5
3 55 55.7
4 68 72.8
Based on Table 4.1, the natural frequencies of the experiment are lower than the numerical si-
mulation. If the numerical results are analyzed in more detail, possible causes can be identified.
Higher natural frequencies in the numerical simulation are caused by the assumption of a mass-
less shaft, massless bearings and massless dampers. It is well known that the higher the mass
coefficient is at constant system stiffness, the lower is the natural frequency of the system.
The dynamic responses in frequency domain of the experimental (Figure 4.5b) and numerical
study (Figures 4.13b) are compared in Figure 4.15. In general, the instability region of the expe-
rimental results occur only in the third region at frequencies 56 - 71 Hz, whereas in the numerical
results at frequencies 57.7 - 74.2 Hz. Here, the third instability interval of the experimental result
is narrower than the one of the numerical result.
Furthermore, the comparison of the regions with the relatively higher amplitudes or instability
regions based on the Ω component of the responses in the disk 2 is listed in Table 4.2. The res-
ponses in the experimental results at rotational speeds around 23 Hz and around 36 Hz occur with
the moderately higher amplitudes, whereas the moderately higher amplitudes in the numerical
results occur at rotational speed around 31 Hz. In the numerical results, the first and the second
regions of instability do not reach into the positive plane of the decay rate plot for the rotor with
Da=0.18 (see Figure 4.13b). As the comparison, according to the simulation in Section 3 (3.3c),
the instability regions of the anisotropic rotor (Model 7) exist in three areas.
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Table 4.2: Comparison of the relatively higher amplitudes or the instability regions based on the
Ω component of the responses at the disk 2
Region Experimental Numerical [Hz]
[Hz] (Da=0.18)
1 18 - 27 (∗) 26.5 - 34.8 (∗/∗∗)
2 34 - 38 (∗) -
3 56 - 71 57.7 - 74.2
(∗) the response amplitude in this region is moderately high only (not unstable)
(∗∗) the region is defined by analyzing of the CAMPBELL diagram
Finally, the 2Ω component of the experimental results is compared to the numerical results. In the
experimental results, the peaks of the 2Ω component occur at frequencies 15 Hz and 30 Hz, while
in the numerical results at frequencies 14.6 Hz and 30.8 Hz. This comparison is listed in Table 4.3.
At lower rotational speeds (i.e. rotational speeds from Ω=0 to 12 Hz), the 2Ω components of the
experimental result in Figure 4.15 show the higher amplitudes compared to the numerical result.
In the numerical result, the deflections of the rotor at lower rotational speeds are caused by the
anisotropy of the shaft, whereas the greater deflections in the experimental results are caused not
only by the anisotropy of the shaft but also by the misalignment or bowing in the shaft. Therefore,
measured data up to 12 Hz were neglected in the following analysis.
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Figure 4.15: Comparison of the experiment and numerical results of the dynamic responses of
the disk 2 (RW2) with the external damping coefficient Da=0.18
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Table 4.3: Comparison of the peaks of the 2Ω component of the responses at the disk 2
Peak Experimental [Hz] Numerical [Hz]
(Figure 4.15) (Da=0.18)
1 15 14.6
2 30 30.8
Based on the comparisons above, the shaft mass, the bearing mass and the damper mass should
be taken into account in order to obtain lower natural frequencies of the rotor model numerically.
Other possibilities for model errors are: the effect of misalignment and the assumptions that the
damping is proportional to the absolute velocity of the disk, consideration of quasi-rigid bearings
and neglection of the bending moment in the bearings (b) and (k).
The dynamics of the present rotor test rig can be modelled sufficiently well by the developed
system equations. The instability region can be predicted sufficiently. However, due to the high
external damping (Da=0.18) induced by the external damper configuration only one instability
region could be verified. Therefore, in a future setup it is recommended to alter the configuration.
Preliminary numerical simulations indicate that the experimental rotor should experience three
instability regions at least for small values of the external damping (Da ≤ 0.09), similar to the
prediction in Section 3 (Figure 3.3c) for undamped anisotropic rotor.
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Summary
The present work deals with a new discretization model of an anisotropic rotor. The rotor is
supported by rigid or anisotropic flexible bearings. Because of different orientations of the cross-
section along the shaft, the rotor is modelled by discrete elements. In the developed model, the
shaft stiffness matrix is assembled in the rotating reference frame by considering asymmetric
bending by means of the strain energy method. The shaft is assumed to be massless, because the
shaft mass is very light compared to the rotor mass. By using the minimal number of discrete
elements, the size of the shaft stiffness matrix can be minimalized. For an anisotropic rotor with a
single disk, the shaft is discretized by two elements and for an anisotropic rotor with two disks by
three elements only. The number of degrees of freedom of the system depends on the number of
the disks. A disk possesses four degrees of freedom, in which the gyroscopic moments are taken
into account. Therefore, the dynamic parameters of the rotor with single disk has the size of the
matrices 4×4, whereas the rotor with two disks 8×8.
After considering the differential equations of motion of the anisotropic rotor, several stability
investigations are conducted through analysis of eigenvalues for a speed-dependent rotor system
and by using FLOQUET theory for a time-variant rotor system. As the basic comparison, a case
of a purely anisotropic rotor with single disk which is discretized by using the minimal number
of elements (i.e. two discrete shaft elements) is studied. The stability chart of the model shows
that the location of the unstable area lies exactly in the range between the first and the second
natural frequencies. By increasing the element anisotropy, the range of the instability becomes
wider. By the difference in the shaft orientation in the rotor, the occurence of the gyroscopic
moments in the system is not significant or very small, but it contibutes to the reduction of the
interval of rotor instability. The bigger the difference in the shaft orientation ∆β, the narrower is
the range of the instability area. For the special case with the difference in the shaft orientation
∆β = 90◦, the instability area is located only at the first natural frequency of the rotor. It means,
the shaft characteristic becomes a ”quasi-round shaft”. The effect of the gyroscopic moments
occurs significantly if the disk position is asymmetric on the shaft. An increase in the gyroscopic
moments causes the rotor to become stiffer and the instability range wider.
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Furthermore, in case of the anisotropic rotor (e.g. with single disk and the shaft is discretized by
two elements) supported by anisotropic flexible bearings, the stability chart shows three separated
regions of instability especially for the lower element shaft anisotropy. With higher bearings
anisotropy, three separated regions of instability reach to a higher element anisotropy of the shaft.
In case of the anisotropic rotor with single disk supported by rigid bearings and accelerated
through the instability region, the higher acceleration rate is needed compared to the round rotor.
In the other word, by using the same rate of acceleration, the reached maximum amplitudes de-
pend on the element anisotropy µW of the rotor. The higher the anisotropy coefficient of the rotor,
the higher is the maximum amplitude. For the rotor with the same element anisotropy, but the
difference in the shaft orientation ∆β is varied, the bigger the difference in the shaft orientation,
the lower is the reached maximum amplitude.
Similar to the case of a single disk anisotropic rotor, several investigations of stability are con-
ducted in order to study the instability regions of the anisotropic rotor with two disks supported
by rigid or anisotropic flexible bearings. In case of the purely anisotropic rotor, the instability
area has two regions (i.e. termed as instability area 1 and 3), whereas the anisotropic rotor with
two disks and different shaft orientations has three regions of instability. The difference in the
shaft orientation affects the occurrence of the second region of instability. The bigger the diffe-
rence in the shaft orientation, the wider is the range of the second instability region. However, the
largest interval of the second instability occurs if the difference in the shaft orientation is 90◦. The
different shaft orientations cause a reduction of the interval of the first and the second regions of
instability. Nevertheless, for ∆β>90◦, the interval of all regions of instability becomes narrower.
Comparing the instability areas of the purely anisotropic rotor supported by rigid bearings to the
rotor supported by anisotropic flexible bearings, the first instability area of the rotor supported
by anisotropic flexible bearings is separated into three regions of instability. Besides that, several
tongues of instabilites occur to the left and to the right of the third instability area. Similarly,
comparing the instability areas of the anisotropic rotor with different shaft orientations supported
by rigid bearings to the rotor supported by anisotropic flexible bearings, the three separated re-
gions of instability occur in the first and the second instability areas. In the third instability area
there is no the separated region of instability. Besides that, several tongues of instabilities also
occur in the left and the right of the second and the third instability areas.
In case of a twisted anisotropic rotor with two disks supported by rigid bearings, the rotor shaft can
be discretized by the minimal or higher number of shaft elements. The orientation of the elements
are distributed linearly along the shaft. In this case, the instability area has also three regions. By
using the higher number of the discrete elements on the shaft, the natural frequencies and the
instability areas can be obtained with more accurate values. Especially for the investigation of
the second instability region, the use of a higher number of shaft elements is recommended.
The weight critical speeds of the anisotropic rotor with one or two disks and different shaft orien-
tations occur usually at rotational speed about half of the instability areas. Based on the inves-
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tigated cases in Chapters 2 and 3, the dynamic responses in frequency domain shows the higher
amplitudes of the responses at these speeds. However, in the FLOQUET stability charts the weight
critical speeds are not defined as unstable area.
Furthermore, the investigation of an anisotropic rotor with two disks and different shaft orienta-
tions is conducted at constant angular speed and constant angular acceleration experimentally. In
order to verify the developed discretization model, an experimental rotor is modelled and simula-
ted numerically. The comparison results show that the model has been well developed, although
several irregularities occur in the comparison results. Several possibilities can cause these irre-
gularities, such as the assumptions of a massless shaft, massless bearings, massless dampers, no
misalignment at the shaft, damping proportional to the absolute velocity of the disk, quasi-rigid
bearings and no bending moment in the leftest and the rightest bearings.
For future work, a further identification of the rotor is recommended. A modification in the
experimental rotor should be conducted (e.g. misalignment at the shaft should be reduced and the
external damping in the rotor should be designed with a lower coefficient in order to investigate all
regions of instability) or by modification in the numerical formulation (e.g. the shaft is modelled
by a distributed mass and the bending moments acting in the outer bearings should be taken into
account). Furthermore, other methods e.g. transfer matrix method ([22], [46]) or one-dimensional
finite element ([10], [12]) with different shaft orientations can be developed. In the transfer
matrix method, the mass and the stiffness matrices of a rotor are derived similar to the presented
method in this work. The mass of the rotor is modelled by many lumped masses along the shaft.
However, the stiffness matrix of the rotor shaft should be developed in which the difference in
the shaft orientation is taken into account. Nevertheless, the size of the system matrices is still
constant during the assembling of the discrete elements. Furthermore, in the one-dimensional
finite element method, the mass and the stiffness matrices of the shaft are derived based on the
discretization of a continuous rotor. The shape function according to the element interpolation
should be also derived for discrete elements with different orientations.
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Appendix A
Anisotropic rotor supported by rigid
bearings
A.1 Flexibility matrix of shaft with different orientation
A special case of an anisotropic rotor with minimum number of elements or only with two ele-
ments is considered by using the Equation (2.52), hence the flexibility influence coefficients of
shaft can be obtained as following
hij =
2∑
k=1
∫
(ℓk)
Ikζ
E
(
IkηIkζ − I2kηζ
)Mˆikη(x) Mˆjkη(x) dx ; for i = 1, 4 and j = 1, 4 (A.1)
hij =
2∑
k=1
∫
(ℓk)
Ikη
E
(
IkηIkζ − I2kηζ
)Mˆikζ(x) Mˆjkζ(x) dx ; for i = 2, 3 and j = 2, 3 (A.2)
hij =
2∑
k=1
∫
(ℓk)
−Ikηζ
E
(
IkηIkζ − I2kηζ
)Mˆikη(x) Mˆjkζ(x) dx ; for i = 1, 4 and j = 2, 3 (A.3)
The flexibility influence coefficients can be arranged in a matrix notation as
H =


h11 h12 h13 h14
h12 h22 h23 h24
h13 h23 h33 h34
h14 h24 h34 h44

 (A.4)
where
h11 =
ℓ21 ℓ
2
2
3E ℓ2
(
I1ζ ℓ1
I1ηI1ζ − I21ηζ
+
I2ζ ℓ2
I2ηI2ζ − I22ηζ
)
=
ℓ21 ℓ
2
2
6E ℓ2
{
ℓ1 [(I1η∗ + I1ζ∗)− (I1η∗ − I1ζ∗) cos 2β1 − 2I1η∗ζ∗ sin 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
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+
ℓ2 [(I2η∗ + I2ζ∗)− (I2η∗ − I2ζ∗) cos 2β2 − 2I2η∗ζ∗ sin 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
(A.5)
h12 =
ℓ21 ℓ
2
2
3E ℓ2
(
I1ηζ ℓ1
I1ηI1ζ − I21ηζ
+
I2ηζ ℓ2
I2ηI2ζ − I22ηζ
)
= − ℓ
2
1 ℓ
2
2
6E ℓ2
{
ℓ1 [(I1η∗ − I1ζ∗) sin 2β1 − 2I1η∗ζ∗ cos 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
+
ℓ2 [(I2η∗ − I2ζ∗) sin 2β2 − 2I2η∗ζ∗ cos 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
(A.6)
h13 =
ℓ1 ℓ2
3E ℓ2
(
I1ηζ ℓ
2
1
I1ηI1ζ − I21ηζ
− I2ηζ ℓ
2
2
I2ηI2ζ − I22ηζ
)
= − ℓ1 ℓ2
6E ℓ2
{
ℓ21 [(I1η∗ − I1ζ∗) sin 2β1 − 2I1η∗ζ∗ cos 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
−ℓ
2
2 [(I2η∗ − I2ζ∗) sin 2β2 − 2I2η∗ζ∗ cos 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
(A.7)
h14 =
ℓ1 ℓ2
3E ℓ2
(
I1ζ ℓ
2
1
I1ηI1ζ − I21ηζ
− I2ζ ℓ
2
2
I2ηI2ζ − I22ηζ
)
=
ℓ1 ℓ2
6E ℓ2
{
ℓ21 [(I1η∗ + I1ζ∗)− (I1η∗ − I1ζ∗) cos 2β1 − 2I1η∗ζ∗ sin 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
−ℓ
2
2 [(I2η∗ + I2ζ∗)− (I2η∗ − I2ζ∗) cos 2β2 − 2I2η∗ζ∗ sin 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
(A.8)
h22 =
ℓ21 ℓ
2
2
3E ℓ2
(
I1η ℓ1
I1ηI1ζ − I21ηζ
+
I2η ℓ2
I2ηI2ζ − I22ηζ
)
=
ℓ21 ℓ
2
2
6E ℓ2
{
ℓ1 [(I1η∗ + I1ζ∗) + (I1η∗ − I1ζ∗) cos 2β1 + 2I1η∗ζ∗ sin 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
+
ℓ2 [(I2η∗ + I2ζ∗) + (I2η∗ − I2ζ∗) cos 2β2 + 2I2η∗ζ∗ sin 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
(A.9)
h23 =
ℓ1 ℓ2
3E ℓ2
(
I1η ℓ
2
1
I1ηI1ζ − I21ηζ
− I2η ℓ
2
2
I2ηI2ζ − I22ηζ
)
=
ℓ1 ℓ2
6E ℓ2
{
ℓ21 [(I1η∗ + I1ζ∗) + (I1η∗ − I1ζ∗) cos 2β1 + 2I1η∗ζ∗ sin 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
−ℓ
2
2 [(I2η∗ + I2ζ∗) + (I2η∗ − I2ζ∗) cos 2β2 + 2I2η∗ζ∗ sin 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
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h24 =
ℓ1 ℓ2
3E ℓ2
(
I1ηζ ℓ
2
1
I1ηI1ζ − I21ηζ
− I2ηζ ℓ
2
2
I2ηI2ζ − I22ηζ
)
= − ℓ1 ℓ2
6E ℓ2
{
ℓ21 [(I1η∗ − I1ζ∗) sin 2β1 − 2I1η∗ζ∗ cos 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
−ℓ
2
2 [(I2η∗ − I2ζ∗) sin 2β2 − 2I2η∗ζ∗ cos 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
(A.11)
h33 =
1
3E ℓ2
(
I1η ℓ
3
1
I1ηI1ζ − I21ηζ
+
I2η ℓ
3
2
I2ηI2ζ − I22ηζ
)
=
1
6E ℓ2
{
ℓ31 [(I1η∗ + I1ζ∗) + (I1η∗ − I1ζ∗) cos 2β1 + 2I1η∗ζ∗ sin 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
+
ℓ32 [(I2η∗ + I2ζ∗) + (I2η∗ − I2ζ∗) cos 2β2 + 2I2η∗ζ∗ sin 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
(A.12)
h34 =
1
3E ℓ2
(
I1ηζ ℓ
3
1
I1ηI1ζ − I21ηζ
+
I2ηζ ℓ
3
2
I2ηI2ζ − I22ηζ
)
= − 1
6E ℓ2
{
ℓ31 [(I1η∗ − I1ζ∗) sin 2β1 − 2I1η∗ζ∗ cos 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
+
ℓ32 [(I2η∗ − I2ζ∗) sin 2β2 − 2I2η∗ζ∗ cos 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
(A.13)
h44 =
1
3E ℓ2
(
I1ζ ℓ
3
1
I1ηI1ζ − I21ηζ
+
I2ζ ℓ
3
2
I2ηI2ζ − I22ηζ
)
=
1
6E ℓ2
{
ℓ31 [(I1η∗ + I1ζ∗)− (I1η∗ − I1ζ∗) cos 2β1 − 2I1η∗ζ∗ sin 2β1]
I1η∗I1ζ∗ − I21η∗ζ∗
+
ℓ32 [(I2η∗ + I2ζ∗)− (I2η∗ − I2ζ∗) cos 2β2 − 2I2η∗ζ∗ sin 2β2]
I2η∗I2ζ∗ − I22η∗ζ∗
}
(A.14)
Furthermore, the stiffness matrix can be obtained as inverse of the flexibility matrix, hence
CW = H−1 =


c11 c12 c13 c14
c12 c22 c23 c24
c13 c23 c33 c34
c14 c24 c34 c44

 (A.15)
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A.2 Differential equations of rotor motion
Based on the Equations (2.77) and (2.81), the complete set of equations of rotor motion can be
obtained as follows
m ζ¨W + (da + d11) ζ˙W + (d12 − 2mϕ˙) η˙W + d13 ϕ˙ζ + d14 ϕ˙η
+
(
c11 −mϕ˙2
)
ζW + (c12 −mϕ¨− daϕ˙) ηW + c13 ϕζ + c14 ϕη
= mǫϕ¨ sinφ+mǫϕ˙2 cosφ+ daǫϕ˙ sinφ+ mg cosϕ (A.16)
m η¨W + (d12 + 2mϕ˙) ζ˙W + (da + d22) η˙W + d23 ϕ˙ζ + d24 ϕ˙η
+(c12 +mϕ¨+ daϕ˙) ζW +
(
c22 −mϕ˙2
)
ηW + c23 ϕζ + c24 ϕη
= −mǫϕ¨ cosφ+mǫϕ˙2 sinφ− daǫϕ˙ cosφ− mg sinϕ (A.17)
Θa ϕ¨ζ + d13 ζ˙W + d23 η˙W + d33 ϕ˙ζ + (d34 +Θpϕ˙− 2Θaϕ˙) ϕ˙η
+c13 ζW + c23 ηW +
(
c33 +Θpϕ˙
2 −Θaϕ˙2
)
ϕζ + (c34 +Θpϕ¨−Θaϕ¨)ϕη = 0 (A.18)
Θa ϕ¨η + d14 ζ˙W + d24 η˙W + (d34 −Θpϕ˙+ 2Θaϕ˙) ϕ˙ζ + d44 ϕ˙η
+c14 ζW + c24 ηW + (c34 −Θpϕ¨+Θaϕ¨)ϕζ +
(
c44 +Θpϕ˙
2 −Θaϕ˙2
)
ϕη = 0 (A.19)
Θp ϕ¨+ (ηW + ǫ sinφ)
(
d11 ζ˙W + d12 η˙W + d13 ϕ˙ζ + d14 ϕ˙ηc11 ζW + c12 ηW
+c13 ϕζ + c14 ϕη
)
− (ζW + ǫ cosφ)
(
d12 ζ˙W + d22 η˙W + d23 ϕ˙ζ + d24 ϕ˙η
c12 ζW + c22 ηW + c23 ϕζ + c24 ϕη
)
= Ta (A.20)
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Anisotropic rotor supported by flexible
anisotropic bearings
B.1 Equations of forces in the bearings
The equations of forces that act in the bearings as written in the Equations (2.102) and (2.103)
are considered in the fixed reference frame. If the equations are transformed into the rotating
reference frame, then
FL1 =
[
1
2
ζ˙L1 (d1z + d1y) +
1
2
ζ˙L1 (d1z − d1y) cos 2ϕ−
1
2
η˙L1 (d1z − d1y) sin 2ϕ
−1
2
ζL1ϕ˙ (d1z − d1y) sin 2ϕ+
1
2
ζL1 (c1z + c1y) +
1
2
ζL1 (c1z − c1y) cos 2ϕ
−1
2
ηL1ϕ˙ (d1z + d1y)−
1
2
ηL1ϕ˙ (d1z − d1y) cos 2ϕ−
1
2
ηL1 (c1z − c1y)
]
~eζ
−
[
1
2
ζ˙L1 (d1z − d1y) sin 2ϕ−
1
2
η˙L1 (d1z + d1y) +
1
2
η˙L1 (d1z − d1y) cos 2ϕ
−1
2
ζL1ϕ˙ (d1z + d1y) +
1
2
ζL1ϕ˙ (d1z − d1y) cos 2ϕ+
1
2
ζL1 (c1z − c1y) sin 2ϕ
−1
2
ηL1ϕ˙ (d1z − d1y) sin 2ϕ−
1
2
ηL1 (c1z + c1y) +
1
2
ηL1 (c1z − c1y) cos 2ϕ
]
~eη (B.1)
FL2 =
[
1
2
ζ˙L2 (d1z + d1y) +
1
2
ζ˙L2 (d1z − d1y) cos 2ϕ−
1
2
η˙L2 (d1z − d1y) sin 2ϕ
−1
2
ζL2ϕ˙ (d1z − d1y) sin 2ϕ+
1
2
ζL2 (c1z + c1y) +
1
2
ζL2 (c1z − c1y) cos 2ϕ
−1
2
ηL2ϕ˙ (d1z + d1y)−
1
2
ηL2ϕ˙ (d1z − d1y) cos 2ϕ−
1
2
ηL2 (c1z − c1y)
]
~eζ
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−
[
1
2
ζ˙L2 (d1z − d1y) sin 2ϕ−
1
2
η˙L2 (d1z + d1y) +
1
2
η˙L2 (d1z − d1y) cos 2ϕ
−1
2
ζL2ϕ˙ (d1z + d1y) +
1
2
ζL2ϕ˙ (d1z − d1y) cos 2ϕ+
1
2
ζL2 (c1z − c1y) sin 2ϕ
−1
2
ηL2ϕ˙ (d1z − d1y) sin 2ϕ−
1
2
ηL2 (c1z + c1y) +
1
2
ηL2 (c1z − c1y) cos 2ϕ
]
~eη (B.2)
B.2 Differential equations of rotor motion
Based on the Equations (2.111) and (2.115), the complete set of equations of rotor motion can be
obtained,
in ζ-direction is
m ζ¨W + (da + d11) ζ˙W + (d12 − 2mϕ˙) η˙W + d13 ϕ˙ζ + d14 ϕ˙η −
(
ℓ2
ℓ
d11 +
1
ℓ
d14
)
ζ˙L1
−
(
ℓ2
ℓ
d12 − 1
ℓ
d13
)
η˙L1 −
(
ℓ1
ℓ
d11 − 1
ℓ
d14
)
ζ˙L2 −
(
ℓ1
ℓ
d12 +
1
ℓ
d13
)
η˙L2
+
(
c11 −mϕ˙2
)
ζW + (c12 −mϕ¨− daϕ˙) ηW + c13 ϕζ + c14 ϕη
−
(
ℓ2
ℓ
c11 +
1
ℓ
c14
)
ζL1 −
(
ℓ2
ℓ
c12 − 1
ℓ
c13
)
ηL1 −
(
ℓ1
ℓ
c11 − 1
ℓ
c14
)
ζL2
−
(
ℓ1
ℓ
c12 +
1
ℓ
c13
)
ηL2 = mǫϕ¨ sinφ+mǫϕ˙
2 cosφ+ daǫϕ˙ sinφ+ mg cosϕ (B.3)
and in η-direction is
m η¨W + (d12 + 2mϕ˙) ζ˙W + (da + d22) η˙W + d23 ϕ˙ζ + d24 ϕ˙η −
(
ℓ2
ℓ
d12 +
1
ℓ
d24
)
ζ˙L1
−
(
ℓ2
ℓ
d22 − 1
ℓ
d23
)
η˙L1 −
(
ℓ1
ℓ
d12 − 1
ℓ
d24
)
ζ˙L2 −
(
ℓ1
ℓ
d22 +
1
ℓ
d23
)
η˙L2
+(c12 +mϕ¨+ daϕ˙) ζW +
(
c22 −mϕ˙2
)
ηW + c23 ϕζ + c24 ϕη
−
(
ℓ2
ℓ
c12 +
1
ℓ
c24
)
ζL1 −
(
ℓ2
ℓ
c22 − 1
ℓ
c23
)
ηL1 −
(
ℓ1
ℓ
c12 − 1
ℓ
c24
)
ζL2
−
(
ℓ1
ℓ
c22 +
1
ℓ
c23
)
ηL2 = −mǫϕ¨ cosφ+mǫϕ˙2 sinφ− daǫϕ˙ cosφ− mg sinϕ (B.4)
Furthermore, two equations in rotary direction ϕζ and ϕη are
Θa ϕ¨ζ + d13 ζ˙W + d23 η˙W + d33 ϕ˙ζ + (d34 +Θpϕ˙− 2Θaϕ˙) ϕ˙η
−
(
ℓ2
ℓ
d13 +
1
ℓ
d34
)
ζ˙L1 −
(
ℓ2
ℓ
d23 − 1
ℓ
d33
)
η˙L1 −
(
ℓ1
ℓ
d13 − 1
ℓ
d34
)
ζ˙L2
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−
(
ℓ1
ℓ
d23 +
1
ℓ
d33
)
η˙L2 + c13 ζW + c23 ηW +
(
c33 +Θpϕ˙
2 −Θaϕ˙2
)
ϕζ
+(c34 +Θpϕ¨−Θaϕ¨)ϕη −
(
ℓ2
ℓ
c13 +
1
ℓ
c34
)
ζL1 −
(
ℓ2
ℓ
c23 − 1
ℓ
c33
)
ηL1
−
(
ℓ1
ℓ
d13 − 1
ℓ
d34
)
ζL2 −
(
ℓ1
ℓ
c23 +
1
ℓ
c33
)
ηL2 = 0 (B.5)
Θa ϕ¨η + d14 ζ˙W + d24 η˙W + (d34 −Θpϕ˙+ 2Θaϕ˙) ϕ˙ζ + d44 ϕ˙η
−
(
ℓ2
ℓ
d14 +
1
ℓ
d44
)
ζ˙L1 −
(
ℓ2
ℓ
d24 − 1
ℓ
d34
)
η˙L1 −
(
ℓ1
ℓ
d14 − 1
ℓ
d44
)
ζ˙L2
−
(
ℓ1
ℓ
d24 +
1
ℓ
d34
)
η˙L2 + c14 ζW + c24 ηW + (c34 −Θpϕ¨+Θaϕ¨)ϕζ
+
(
c44 +Θpϕ˙
2 −Θaϕ˙2
)
ϕη −
(
ℓ2
ℓ
c14 +
1
ℓ
c44
)
ζL1 −
(
ℓ2
ℓ
c24 − 1
ℓ
c34
)
ηL1
−
(
ℓ1
ℓ
c14 − 1
ℓ
c44
)
ζL2 −
(
ℓ1
ℓ
c24 +
1
ℓ
c34
)
ηL2 = 0 (B.6)
Furthermore, by applying the four differential equations from Equations (2.94)-(2.97) with the
two equations in Appendix (B.1) above for ζ and η-direction, hence the equations of the bearing
in the left side of the rotor in ζ-direction are obtained as following
−
(
ℓ2
ℓ
d11 +
1
ℓ
d14
)
ζ˙W −
(
ℓ2
ℓ
d12 +
1
ℓ
d24
)
η˙W −
(
ℓ2
ℓ
d13 +
1
ℓ
d34
)
ϕ˙ζ
−
(
ℓ2
ℓ
d14 +
1
ℓ
d44
)
ϕ˙η +
[
ℓ22
ℓ2
d11 +
2ℓ2
ℓ2
d14 +
1
ℓ2
d44 +
1
2
(d1z + d1y)
+
1
2
(d1z − d1y) cos 2ϕ
]
ζ˙L1 +
[
ℓ22
ℓ2
d12 − ℓ2
ℓ2
d13 +
ℓ2
ℓ2
d24 − 1
ℓ2
d34
−1
2
(d1z − d1y) sin 2ϕ
]
η˙L1 +
[
ℓ1 ℓ2
ℓ2
d11 +
(
ℓ1 − ℓ2
ℓ2
)
d14 − 1
ℓ2
d44
]
ζ˙L2
+
(
ℓ1 ℓ2
ℓ2
d12 +
ℓ2
ℓ2
d13 +
ℓ1
ℓ2
d24 +
1
ℓ2
d34
)
η˙L2
−
(
ℓ2
ℓ
c11 +
1
ℓ
c14
)
ζW −
(
ℓ2
ℓ
c12 +
1
ℓ
c24
)
ηW −
(
ℓ2
ℓ
c13 +
1
ℓ
c34
)
ϕζ
−
(
ℓ2
ℓ
c14 +
1
ℓ
c44
)
ϕη +
[
ℓ22
ℓ2
c11 +
2ℓ2
ℓ2
c14 +
1
ℓ2
c44 +
1
2
(c1z + c1y)
+
1
2
(c1z − c1y) cos 2ϕ− 1
2
ϕ˙ (d1z − d1y) sin 2ϕ
]
ζL1
+
[
ℓ22
ℓ2
c12 − ℓ2
ℓ2
c13 +
ℓ2
ℓ2
c24 − 1
ℓ2
c34 − 1
2
ϕ˙ (d1z + d1y)− 1
2
ϕ˙ (d1z − d1y) cos 2ϕ
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−1
2
(c1z − c1y) sin 2ϕ
]
ηL1 +
[
ℓ1 ℓ2
ℓ2
c11 +
(
ℓ1 − ℓ2
ℓ2
)
c14 − 1
ℓ2
c44
]
ζL2
+
(
ℓ1 ℓ2
ℓ2
c12 +
ℓ2
ℓ2
c13 +
ℓ1
ℓ2
c24 +
1
ℓ2
c34
)
ηL2 = 0 (B.7)
The equation in the bearing in the left side of the rotor in η-direction is
−
(
ℓ2
ℓ
d12 − 1
ℓ
d13
)
ζ˙W −
(
ℓ2
ℓ
d22 − 1
ℓ
d23
)
η˙W −
(
ℓ2
ℓ
d23 − 1
ℓ
d33
)
ϕ˙ζ
−
(
ℓ2
ℓ
d24 − 1
ℓ
d34
)
ϕ˙η +
[
ℓ22
ℓ2
d12 +
ℓ2
ℓ2
d24 − ℓ2
ℓ2
d13 − 1
ℓ2
d34 − 1
2
(d1z − d1y) sin 2ϕ
]
ζ˙L1
+
[
ℓ22
ℓ2
d22 − 2ℓ2
ℓ2
d23 +
1
ℓ2
d33 +
1
2
(d1z + d1y)− 1
2
(d1z − d1y) cos 2ϕ
]
η˙L1
+
(
ℓ1 ℓ2
ℓ2
d12 − ℓ2
ℓ2
d24 − ℓ1
ℓ2
d13 +
1
ℓ2
d34
)
ζ˙L2 +
(
ℓ1 ℓ2
ℓ2
d22 +
ℓ2
ℓ2
d23 − ℓ1
ℓ2
d23 − 1
ℓ2
d33
)
η˙L2
−
(
ℓ2
ℓ
c12 − 1
ℓ
c13
)
ζW −
(
ℓ2
ℓ
c22 − 1
ℓ
c23
)
ηW −
(
ℓ2
ℓ
c23 − 1
ℓ
c33
)
ϕζ
−
(
ℓ2
ℓ
c24 − 1
ℓ
c34
)
ϕη +
[
ℓ22
ℓ2
c12 +
ℓ2
ℓ2
c24 − ℓ2
ℓ2
c13 − 1
ℓ2
c34 +
1
2
ϕ˙ (d1z + d1y)
−1
2
ϕ˙ (d1z − d1y) cos 2ϕ− 1
2
(c1z − c1y) sin 2ϕ
]
ζL1
+
[
ℓ22
ℓ2
c22 − ℓ2
ℓ2
c23 − ℓ2
ℓ2
c23 +
1
ℓ2
c33 +
1
2
ϕ˙ (d1z − d1y) sin 2ϕ+ 1
2
(c1z + c1y)
−1
2
(c1z − c1y) cos 2ϕ
]
ηL1 +
(
ℓ1 ℓ2
ℓ2
c12 − ℓ2
ℓ2
c24 − ℓ1
ℓ2
c13 +
1
ℓ2
c34
)
ζL2
+
(
ℓ1 ℓ2
ℓ2
c22 +
ℓ2
ℓ2
c23 − ℓ1
ℓ2
c23 − 1
ℓ2
c33
)
ηL2 = 0 (B.8)
The equation in the bearing in the right side of the rotor in ζ-direction is
−
(
ℓ1
ℓ
d11 − 1
ℓ
d14
)
ζ˙W −
(
ℓ1
ℓ
d12 − 1
ℓ
d24
)
η˙W −
(
ℓ1
ℓ
d13 − 1
ℓ
d34
)
ϕ˙ζ
−
(
ℓ1
ℓ
d14 − 1
ℓ
d44
)
ϕ˙η +
(
ℓ1 ℓ2
ℓ2
d11 +
ℓ1
ℓ2
d14 − ℓ2
ℓ2
d14 − 1
ℓ2
d44
)
ζ˙L1
+
(
ℓ1 ℓ2
ℓ2
d12 − ℓ1
ℓ2
d13 − ℓ2
ℓ2
d24 +
1
ℓ2
d34
)
η˙L1
+
[
ℓ21
ℓ2
d11 − 2ℓ1
ℓ2
d14 +
1
ℓ2
d44 +
1
2
(d2z + d2y) +
1
2
(d2z − d2y) cos 2ϕ
]
ζ˙L2
+
[
ℓ21
ℓ2
d12 +
ℓ1
ℓ2
d13 − ℓ1
ℓ2
d24 − 1
ℓ2
d34 − 1
2
(d2z − d2y) sin 2ϕ
]
η˙L2
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−
(
ℓ1
ℓ
c11 − 1
ℓ
c14
)
ζW −
(
ℓ1
ℓ
c12 − 1
ℓ
c24
)
ηW −
(
ℓ1
ℓ
c13 − 1
ℓ
c34
)
ϕζ
−
(
ℓ2
ℓ
c14 +
1
ℓ
c44
)
ϕη +
[
ℓ1 ℓ2
ℓ2
c11 +
(
ℓ1 − ℓ2
ℓ2
)
c14 − 2
ℓ2
c44
]
ζL1
+
(
ℓ1 ℓ2
ℓ2
c12 − ℓ1
ℓ2
c13 − ℓ2
ℓ2
c24 +
1
ℓ2
c34
)
ηL1
+
[
ℓ21
ℓ2
c11 − 2ℓ1
ℓ2
c14 +
1
ℓ2
c44 +
1
2
(c2z + c2y) +
1
2
(c2z − c2y) cos 2ϕ
−1
2
ϕ˙ (d2z − d2y) sin 2ϕ
]
ζL2 +
[
ℓ21
ℓ2
c12 +
ℓ1
ℓ2
c13 − ℓ1
ℓ2
c24 − 1
ℓ2
c34
−1
2
ϕ˙ (d2z + d2y)− 1
2
ϕ˙ (d2z − d2y) cos 2ϕ− 1
2
(c2z − c2y) sin 2ϕ
]
ηL2 = 0 (B.9)
and the equation in the bearing in the right side of the rotor in η-direction is
−
(
ℓ1
ℓ
d12 +
1
ℓ
d13
)
ζ˙W −
(
ℓ1
ℓ
d22 +
1
ℓ
d23
)
η˙W −
(
ℓ1
ℓ
d23 +
1
ℓ
d33
)
ϕ˙ζ
−
(
ℓ1
ℓ
d24 +
1
ℓ
d34
)
ϕ˙η +
(
ℓ1 ℓ2
ℓ2
d12 +
ℓ1
ℓ2
d24 +
ℓ2
ℓ2
d13 +
1
ℓ2
d34
)
ζ˙L1
+
[
ℓ1 ℓ2
ℓ2
d22 −
(
ℓ1 − ℓ2
ℓ2
)
d23 − 1
ℓ2
d33
]
η˙L1
+
[
ℓ21
ℓ2
d12 − ℓ1
ℓ2
d24 +
ℓ1
ℓ2
d13 − 1
ℓ2
d34 − 1
2
(d2z − d2y) sin 2ϕ
]
ζ˙L2
+
[
ℓ21
ℓ2
d22 +
2ℓ1
ℓ2
d23 +
1
ℓ2
d33 +
1
2
(d2z + d2y)− 1
2
(d2z − d2y) cos 2ϕ
]
η˙L2
−
(
ℓ1
ℓ
c12 +
1
ℓ
c13
)
ζW −
(
ℓ1
ℓ
c22 +
1
ℓ
c23
)
ηW −
(
ℓ1
ℓ
c23 +
1
ℓ
c33
)
ϕζ
−
(
ℓ1
ℓ
c24 +
1
ℓ
c34
)
ϕη +
[
ℓ1 ℓ2
ℓ2
c12 +
ℓ1
ℓ2
c24 +
ℓ2
ℓ2
c13 +
1
ℓ2
c34
]
ζL1
+
[
ℓ1 ℓ2
ℓ2
c22 − ℓ1
ℓ2
c23 +
ℓ2
ℓ2
c23 − 1
ℓ2
c33
]
ηL1 +
[
ℓ21
ℓ2
c12 − ℓ1
ℓ2
c24 +
ℓ1
ℓ2
c13 − 1
ℓ2
c34
+
1
2
ϕ˙ (d2z + d2y)− 1
2
ϕ˙ (d2z − d2y) cos 2ϕ− 1
2
(c2z − c2y) sin 2ϕ
]
ζL2
+
[
ℓ21
ℓ2
c22 +
ℓ1
ℓ2
c23 +
ℓ1
ℓ2
c23 +
1
ℓ2
c33 +
1
2
ϕ˙ (d2z − d2y) sin 2ϕ+ 1
2
(c2z + c2y)
−1
2
(c2z − c2y) cos 2ϕ
]
ηL2 = 0 (B.10)
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Furthermore, the equation of the rotor with the polar mass moment of inertia is
Θp ϕ¨+
(
ηW − ℓ2
ℓ
ηL1 −
ℓ1
ℓ
ηL2 + ǫ sinφ
)[
d11 ζ˙W + d12 η˙W + d13 ϕ˙ζ + d14 ϕ˙η
−
(
ℓ2
ℓ
d11 +
1
ℓ
d14
)
ζ˙L1 −
(
ℓ2
ℓ
d12 − 1
ℓ
d13
)
η˙L1 −
(
ℓ1
ℓ
d11 − 1
ℓ
d14
)
ζ˙L2
−
(
ℓ1
ℓ
d12 +
1
ℓ
d13
)
η˙L2 + c11 ζW + c12 ηW + c13 ϕζ + c14 ϕη
−
(
ℓ2
ℓ
c11 +
1
ℓ
c14
)
ζL1 −
(
ℓ2
ℓ
c12 − 1
ℓ
c13
)
ηL1 −
(
ℓ1
ℓ
c11 − 1
ℓ
c14
)
ζL2
−
(
ℓ1
ℓ
c12 +
1
ℓ
c13
)
ηL2
]
−
(
ζW − ℓ2
ℓ
ζL1 −
ℓ1
ℓ
ζL2 + ǫ cosφ
)[
d12 ζ˙W + d22 η˙W + d23 ϕ˙ζ + d24 ϕ˙η
−
(
ℓ2
ℓ
d12 +
1
ℓ
d24
)
ζ˙L1 −
(
ℓ2
ℓ
d22 − 1
ℓ
d23
)
η˙L1 −
(
ℓ1
ℓ
d12 − 1
ℓ
d24
)
ζ˙L2
−
(
ℓ1
ℓ
d22 +
1
ℓ
d23
)
η˙L2 + c12 ζW + c22 ηW + c23 ϕζ + c24 ϕη
−
(
ℓ2
ℓ
c12 +
1
ℓ
c24
)
ζL1 −
(
ℓ2
ℓ
c22 − 1
ℓ
c23
)
ηL1 −
(
ℓ1
ℓ
c12 − 1
ℓ
c24
)
ζL2
]
−
(
ℓ1
ℓ
c22 +
1
ℓ
c23
)
ηL2 = Ta (B.11)
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Tables of stability investigation
Table C.1: Identified paramaters of the rotor cases with the coefficient of element anisotropy at µW =0.2
Parameter Unit Model-5 Model-6 Model-7 Model-8 Model-9 Model-10
Natural frequency, ω1 at Ω=0 [rad/s] 212.41 213.28 215.72 222.90 217.76 214.63
Natural frequency, ω2 at Ω=0 [rad/s] 260.15 258.50 254.18 243.56 250.99 256.16
Natural frequency, ω3 at Ω=0 [rad/s] 790.11 798.11 820.30 847.61 808.83 795.27
Natural frequency, ω4 at Ω=0 [rad/s] 967.69 954.35 921.46 884.74 934.71 956.91
Lower boundary of 1st unstable area [rad/s] 220.31 221.37 224.34 233.20 226.44 222.78
Upper boundary of 1st unstable area [rad/s] 269.82 267.87 262.79 250.43 259.72 265.55
Width of 1st unstable area [rad/s] 49.51 46.50 38.45 17.23 33.28 42.77
Shifting of 1st lower boundary due to ω1 [%] 3.72 3.79 4.00 4.62 3.99 3.80
Shifting of 1st upper boundary due to ω2 [%] 3.72 3.62 3.39 2.82 3.48 3.67
Lower boundary of 2nd unstable area [rad/s] - 580.02 570.67 570.16 579.54 -
Upper boundary of 2nd unstable area [rad/s] - 608.00 619.06 618.19 607.28 -
Width of 2nd unstable area [rad/s] - 27.98 48.39 48.03 27.74 -
Lower boundary of 3rd unstable area [rad/s] 874.92 881.78 900.15 947.96 903.82 885.43
Upper boundary of 3rd unstable area [rad/s] 1071.55 1063.94 1042.95 984.08 1032.37 1055.55
Width of 3rd unstable area [rad/s] 196.63 182.16 142.80 36.12 128.55 170.12
Shifting of 3rd lower boundary due to ω3 [%] 10.73 10.48 9.73 11.84 11.74 11.34
Shifting of 3rd upper boundary due to ω4 [%] 10.73 11.48 13.18 11.23 10.45 10.31
Table C.2: Identified paramaters of the rotor cases with the coefficient of element anisotropy at µW = 0.3
Parameter Unit Model-5 Model-6 Model-7 Model-8 Model-9 Model-10
Natural frequency, ω1 at Ω=0 [rad/s] 180.97 181.99 184.88 193.65 187.35 183.60
Natural frequency, ω2 at Ω=0 [rad/s] 246.63 243.90 236.99 221.20 232.16 240.19
Natural frequency, ω3 at Ω=0 [rad/s] 673.17 683.68 712.54 743.09 695.67 679.14
Natural frequency, ω4 at Ω=0 [rad/s] 917.37 893.53 842.21 795.25 864.33 898.87
Lower boundary of 1st unstable area [rad/s] 187.70 188.95 192.49 203.47 195.07 190.64
Upper boundary of 1st unstable area [rad/s] 255.79 252.62 244.62 226.49 240.05 249.02
Width of 1st unstable area [rad/s] 68.09 63.67 52.13 23.02 44.98 58.38
Shifting of 1st lower boundary due to ω1 [%] 3.72 3.82 4.12 5.07 4.12 3.83
Shifting of 1st upper boundary due to ω2 [%] 3.71 3.58 3.22 2.39 3.40 3.68
Lower boundary of 2nd unstable area [rad/s] - 510.72 498.52 497.61 509.79 -
Upper boundary of 2nd unstable area [rad/s] - 549.07 564.75 562.70 547.40 -
Width of 2nd unstable area [rad/s] - 38.35 66.23 65.09 37.61 -
Lower boundary of 3rd unstable area [rad/s] 745.42 754.75 779.33 840.86 781.84 758.24
Upper boundary of 3rd unstable area [rad/s] 1015.83 1005.00 975.00 890.11 957.98 991.54
Width of 3rd unstable area [rad/s] 270.41 250.25 195.67 49.25 176.14 233.30
Shifting of 3rd lower boundary due to ω3 [%] 10.73 10.40 9.37 13.16 12.39 11.65
Shifting of 3rd upper boundary due to ω4 [%] 10.73 12.48 15.77 11.93 10.83 10.31
Table C.3: Identified paramaters of the rotor cases with the coefficient of element anisotropy at µW = 0.5
Parameter Unit Model-5 Model-6 Model-7 Model-8 Model-9 Model-10
Natural frequency, ω1 at Ω=0 [rad/s] 126.30 127.32 130.25 139.61 132.84 128.96
Natural frequency, ω2 at Ω=0 [rad/s] 218.76 212.84 199.42 174.24 191.41 205.84
Natural frequency, ω3 at Ω=0 [rad/s] 469.80 484.64 522.73 542.93 493.74 475.64
Natural frequency, ω4 at Ω=0 [rad/s] 813.73 736.63 658.76 618.87 709.44 768.31
Lower boundary of 1st unstable area [rad/s] 131.00 132.25 135.89 147.89 138.65 134.01
Upper boundary of 1st unstable area [rad/s] 226.89 220.27 205.23 177.08 197.98 213.84
Width of 1st unstable area [rad/s] 95.89 88.02 69.34 29.19 59.33 79.83
Shifting of 1st lower boundary due to ω1 [%] 3.72 3.87 4.33 5.93 4.37 3.92
Shifting of 1st upper boundary due to ω2 [%] 3.72 3.49 2.91 1.63 3.43 3.89
Lower boundary of 2nd unstable area [rad/s] - 379.40 364.28 362.71 377.45 -
Upper boundary of 2nd unstable area [rad/s] - 432.82 455.79 449.35 427.57 -
Width of 2nd unstable area [rad/s] - 53.42 91.51 86.64 50.12 -
Lower boundary of 3rd unstable area [rad/s] 520.23 533.65 566.60 639.30 562.11 533.93
Upper boundary of 3rd unstable area [rad/s] 901.06 884.62 838.60 706.51 806.84 859.26
Width of 3rd unstable area [rad/s] 380.83 350.97 272.00 67.21 244.73 325.33
Shifting of 3rd lower boundary due to ω3 [%] 10.73 10.11 8.39 17.75 13.85 12.26
Shifting of 3rd upper boundary due to ω4 [%] 10.73 20.09 27.30 14.16 13.73 11.84
Table C.4: Identified paramaters of the twisted anisotropic rotor case with the coefficient of element anisotropy at µW= 0.2
Change of 6 el. Change of 24 el.
Parameter Unit 3-Elements 6-Elements 24-Elements due to 3 el. due to 6 el.
[%] [%]
Natural frequency, ω1 at Ω=0 [rad/s] 215.72 214.15 213.66 -0.73 -0.23
Natural frequency, ω2 at Ω=0 [rad/s] 254.18 256.89 257.79 1.07 0.35
Natural frequency, ω3 at Ω=0 [rad/s] 820.30 805.17 800.85 -1.84 -0.54
Natural frequency, ω4 at Ω=0 [rad/s] 921.46 946.42 953.04 2.71 0.70
Lower boundary of 1st unstable area [rad/s] 224.34 222.35 221.75 -0.89 -0.27
Upper boundary of 1st unstable area [rad/s] 262.79 266.07 267.13 1.25 0.40
Width of 1st unstable area [rad/s] 38.45 43.72 45.38 13.71 3.80
Shifting of 1st lower boundary due to ω1 [%] 4.00 3.83 3.79
Shifting of 1st upper boundary due to ω2 [%] 3.39 3.57 3.62
Lower boundary of 2nd unstable area [rad/s] 570.67 573.46 575.69 0.49 0.39
Upper boundary of 2nd unstable area [rad/s] 619.06 615.94 613.29 -0.50 -0.43
Width of 2nd unstable area [rad/s] 48.39 42.48 37.60 -12.21 -11.49
Lower boundary of 3rd unstable area [rad/s] 900.15 888.35 885.12 -1.31 -0.36
Upper boundary of 3rd unstable area [rad/s] 1042.95 1058.10 1061.41 1.45 0.31
Width of 3rd unstable area [rad/s] 142.80 169.75 176.29 18.87 3.85
Shifting of 3rd lower boundary due to ω3 [%] 9.73 10.33 10.52
Shifting of 3rd upper boundary due to ω4 [%] 13.18 11.80 11.37
Table C.5: Identified paramaters of the twisted anisotropic rotor case with the coefficient of element anisotropy at µW =0.3
Change of 6 el. Change of 24 el.
Parameter Unit 3-Elements 6-Elements 24-Elements due to 3 el. due to 6 el.
[%] [%]
Natural frequency, ω1 at Ω=0 [rad/s] 184.88 183.01 182.43 -1.01 -0.32
Natural frequency, ω2 at Ω=0 [rad/s] 236.99 241.28 242.73 1.81 0.60
Natural frequency, ω3 at Ω=0 [rad/s] 712.54 693.56 687.85 -2.66 -0.82
Natural frequency, ω4 at Ω=0 [rad/s] 842.21 881.79 892.85 4.70 1.25
Lower boundary of 1st unstable area [rad/s] 192.49 190.11 189.40 -1.24 -0.37
Upper boundary of 1st unstable area [rad/s] 244.62 249.70 251.38 2.08 0.67
Width of 1st unstable area [rad/s] 52.13 59.59 61.98 14.31 4.01
Shifting of 1st lower boundary due to ω1 [%] 4.12 3.88 3.82
Shifting of 1st upper boundary due to ω2 [%] 3.22 3.49 3.56
Lower boundary of 2nd unstable area [rad/s] 498.52 502.14 505.02 0.73 0.57
Upper boundary of 2nd unstable area [rad/s] 564.75 560.53 556.76 -0.75 -0.67
Width of 2nd unstable area [rad/s] 66.23 58.39 51.74 -11.84 -11.39
Lower boundary of 3rd unstable area [rad/s] 779.33 764.28 759.85 -1.93 -0.58
Upper boundary of 3rd unstable area [rad/s] 975.00 997.04 1001.59 2.26 0.46
Width of 3rd unstable area [rad/s] 195.67 232.76 241.74 18.96 3.86
Shifting of 3rd lower boundary due to ω3 [%] 9.37 10.20 10.47
Shifting of 3rd upper boundary due to ω4 [%] 15.77 13.07 12.18
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